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An entirely new book arranged according to an original plan and set 
out in a new style. It provides a complete course for the School 
Certificate Examination and is in two stages. The first contains the 
groups of theorems with exercises upon them, preceded by discussion 
examples ; the second presents the proofs of the theorems systematically. 


“*Here is a most interesting Zeometry. The whole book is clearly the 
‘fruit of a lifetime’s teaching. It is in accordance with recent improve- 
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ANNUAL MEETING, 1939. 


Correction of previous notices: the Meeting will be held at 
King’s College, Strand, London, W.C. 2, January 2nd and 3rd. 


No doubt in a perfect world there would be complete agreement on 
methods of teaching ; in this world such agreement might indicate 
stagnation. It has always been the policy of the Gazette to open its 
pages to the controversies provoked by frank declarations of opinion. 
But it may be desirable to remind readers that an article in the 
Gazette on some controversial point must be regarded as an expression 
of the author’s opinions, and that their appearance in the Gazette 
does not imply that they are the opinions of the Mathematical 
Association unless they are published by or on behalf of a committee 
set up by the Association. 

In the following pages (pp. 426-8), we reprint a note “ On in- 
accuracies in style which frequently occur in mathematical com- 
position” which appeared as an appendix to James Thomson’s 
Elementary Treatise on Algebra (Longmans, 1850); the reason for 
this reprinting can be given by quoting from the note. Referring to 
the attention paid to lucid expression by French mathematicians, 
Thomson remarks ; “‘ By this means, as may naturally be expected, 
accuracy is produced in thought as well as in style ; and hence it is, 
that many of their recent works exhibit a perspieuity and simplicity, 
and a logical clearness of arrangement, which enhance their value in a 
very considerable degree.” 

Time and expense can be saved if manuscripts are written with a 
care which will allow compositors, who are not professional mathe- 
maticians, to read and set them with ease. Authors who are not 
familiar with the difficulties of setting up mathematical symbolism 
in type, might consult with advantage the London Mathematical 
Society’s Notes on the preparation of mathematical papers (1s., post 
free, from Messrs. C. F. Hodgson and Son, Ltd., 2 Newton Street, 
Kingsway, London, W.C. 2), wherein many valuable suggestions 
are to be found. 
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ON INACCURACIES IN STYLE WHICH FREQUENTLY 
OCCUR IN MATHEMATICAL COMPOSITION. 


BY JAMES THOMSON. 


(Elementary Treatise on Algebra, 6th edition, 1850, Note D, 
pp. 290-292 ; Longmans, Green.) 


It may not be improper here to caution learners against some 
inaccuracies in style and expression which are often met with in 
scientific works published in this country. To matters of this kind 
much attention is paid by the French mathematicians. By this 
means, as may naturally be expected, accuracy is produced in 
thought as well as in style; and hence it is, that many of their 
recent works exhibit a perspicuity and simplicity, and a logical 
clearness of arrangement, which enhance their value in a very con- 
siderable degree. To put the student on his guard against faults of 
this kind, some instances of the inaccuracies above referred to are 
subjoined ; and he will find that, by avoiding the use of them and 
of similar modes of expression, he will soon acquire a comparatively 
correct style, instead of the careless and random one that is so 
common in this country. Some of these instances will doubtless be 
found in the works of authors of the present day, but they have 
— purposely selected from the writings of authors no longer 
iving. 

“ Place the two quantities under each other.” This is impossible. 
One of the quantities may be under the other, but each can- 
not be under the other simultaneously. It should be specified 
which is to be put below the other. ‘‘ Subtract the numerators 
from each other,” presents a like inaccuracy.—The following con- 
tains two or three improprieties, the word divide being used in a 


wrong sense in the second instance: ‘‘ Divide the numerators by 
each other, if they will exactly divide.” —‘‘ The square root of any 
quantity may be either + or —.” This should be the sign of the 


square root of any quantity may be either + or —, or the square root 
of any quantity may be either positive or negative-—‘‘ An equation of 
the third degree or power.” No equation is of the third or any 
other power. The expression “or power,” should be omitted.— 
“To find the root of the equation, 152? +632 =50.” It should 
be a root or the roots, and not the root, as every cubic equation has 
three roots; and Hutton himself, from whom this is taken, com- 
putes all the three.—‘“‘ Powers of the same quantity are divided by 
subtracting the exponent of the divisor from that of the divi- 
dend ; the remainder is the exponent of the quotient.”’ This is faulty 
in more respects than one. It is not powers of the same quantity 
that are divided, but one power of it is divided by another ; and, 
at the conclusion, it is not stated to what the exponent of the 
quotient belongs.—‘‘ The power [it should be a power] of a quantity 
is its square, cube, biquadrate, &c.; called also its second, third, 
fourth power, &c.” This miserable attempt at a definition is from 
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Bonnycastle—“ A term is any part or member of a compound 
quantity which is separated from the rest by the signs [it should 
be sign} + or —.” Here the words, part and member are used in 
no definite or accurate sense.—‘‘ If the unknown quantity be in the 
form of a surd, let it be made to stand alone,” &c. The unknown 
quantity may be contained or involved in a surd, but it can itself be 
in no form but that of x, y, or some other symbol assumed to repre- 
sent it.—‘* Neither the first nor the last terms are squares,” ought to 
be ‘“ neither the first nor the last term is a square.” The like in- 
accuracies occur in the following expression: “The first or last 
terms of the expression are cubes.’’—‘* This value is the greatest of 
all others.” Here others ought to be omitted, or it might be, “‘ this 
value is greater than any other.” “The greatest of any ”’ is also 
faulty. It should be “ greater than any,” or “ greatest of all.” — 
The expression, “‘ general case,” which is used by both English and 
foreign writers, is of very questionable propriety. A particular case 
of a problem or investigation is quite correct and intelligible, but to 
speak of a general case seems to involve a contradiction of terms. 

In geometry, the expression, ‘‘ circumscribing circle,” should be 
laid aside, and be replaced by the correct analogical one, “‘ circum- 
scribed circle.” If we revert to the etymology of the words, “ in- 
scribing circle’ would be no more incorrect than “ circumscribing 
circle ;”’ the former of which, however, the most negligent writer 
would never employ. The “ inscribed circle ”’ is the circle described 
ina figure ; the “ circumscribed circle ” is the one described about it. 
—“To raise a perpendicular,” “to erect,” “to let fall,” “to 
demit,”’ and “to drop” one, are all objectionable expressions, as 
none of them can be used with any propriety, except when the per- 
pendicular lies above the other line. The expression ‘“‘ to draw a 
perpendicular ”’ is always correct, and it alone ought to be em- 
ployed.—The expression “the angle A is equal to the angle B, 
being right angles ” should be ‘“‘ the angle A is equal to the angle B, 
each of them being a right angle,” or “ the angles A and B are equal, 
being right angles.”’ 

The following instances occur, among many similar ones, in 
Leslie’s Geometry of Curve Lines. ‘‘ The point shoots into the in- 
definite distance.” ‘‘ The point vanishes into extreme remoteness.” 
“This rectangle melts into the elementary space BMmb, while the 
ordinate bm migrates into BM, and the secant passes into a tangent.” 
“The cissoid received its name from the Greek word for ivy, 
because it appears to mount along its asymptote in the same manner 
as that parasite plant climbs on the tall trunk of the pine.” These 
sentences exhibit an aim at puerile ornament, at injudicious variety 
of expression, and at oratorical language, which is totally unsuited 
to a work on abstract science, and altogether inconsistent with 
good taste. In mathematical reasoning, all is addressed to the 
judgment, and nothing to the passions or feelings ; and therefore, 
in such reasoning, every expression of a figurative or purely orna- 
mental nature is to be rejected ; the excellence and the true beauty 
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of mathematical composition consisting in its simplicity, in its 
freedom from everything superfluous, and in having every word used 
in its natural and appropriate meaning. 

Some mathematical writers are fond of addressing their readers in 
the second person: thus, ‘‘ by multiplying by x—-a, you will get,” 
&e. This is always inelegant, except in the single case in which 
the imperative mood, almost deprived of its imperative character, 
is used for convenience and brevity in such expressions as “ join 
AB,” “ divide by a,” &c. According to good usage, the writer 
may employ the first person plural when he states the result at 
which he and his readers arrive by means of the process which is 
followed ; thus, “ we obtain by transposition,” &c. Such phrase- 
ology, however, ought not to be used when he speaks of himself 
individually. Thus, “ we are of opinion ’’ (meaning that it is the 
opinion of the author) should be “I am of opinion,” “it seems 
probable,”’ or the like. 

Many other instances of careless and incorrect modes of expres- 
sion might be adduced. Those, however, that have been adverted 
to above, will turn the attention of the intelligent student to the 
subject, and will make him feel that, while accuracy in reasoning is 
the thing mainly to be attended to in his investigations, yet correct- 
ness and elegance of expression in the communication of his ideas 
are matters of much importance. He should recollect also, that, 
while no person has ever acquired a faultless style, as little has 
anyone succeeded in writing even moderately well without study- 
ing with care and attention the means to be pursued for accomplish- 
ing the object. 


GLEANINGS FAR AND NEAR. 


1215. A French writer states that while in the World War anti-aircraft 
accounted for only one out of five planes brought down in action, in the Spanish 
war now in progress this proportion has been exactly reversed.—R. E. Dupuy 
and G. F. Eliot, Jf War Comes, quoted by the “ New Yorker ”’, January 29, 
1938. [Per Mr. R. A. Fairthorne.] 


1216. In poetry, infinity begins with three thousand. Any greater number 
is infinity. In many poems, the poet will talk to you about the infinite number 
of stars. But nobody, not even the poet, has ever seen more than three 
thousand stars in a clear night.—E. Kasner, Scripta Mathematica Forum 
Lectures, p. 69, 1937. [Per Prof. E. H. Neville.] 


1217. Statistics. 

Out of thirty-three candidates fifteen passed. Fourteen of these were girls. 
Only one in six boys passed, whereas almost every second girl was successful.— 
Times Educational Supplement, November 27, 1937. [Per Mr. A. P. Rollett.] 


1218. The simple elliptic flight of the shuttlecock, when struck by a child’s 
battledore has undergone some strange transformations in badminton.—The 
Times, Leading Article, March 7, 1938. [Per Mr. A. S. Gosset Tanner. ] 
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CO-AXAL CIRCLES AND CO-AXAL SPHERES 


THEOREMS ON CO-AXAL CIRCLES AND 
CO-AXAL SPHERES. 


By R. T. Rosrnson. 


1, THE COMPLETE QUADRILATERAL AND A SYSTEM OF 
CO-AXAL CIRCLES. 


Ir AC, BD, EF are the diagonals of the quadrilateral and PQR is 
the triangle formed by the diagonals, the circles on the diagonals 
as diameters form a co-axal system and the circle PQR is a circle of 
the complementary system. If the circles on the diagonals as dia- 
meters intersect in real points S,, S,, then S,, S, are the limiting 
points of the system to which the circle PQR belongs and if S,, S, 
are not real points and if the straight line joining the mid-points of 
the diagonals cuts the circle PQR in L,, L, then all the circles of the 
system to which the circle PQR belongs pass through L,, L,and 
L,, L, are the limiting points of the system to which the circles on 
the diagonals as diameters belong. 
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Fic. 1. 


The following circles are circles of the same system as the circle 
PQR: 
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Fic. 2. 


(i) the circles touching the diagonals at the points A, C; B, D; 
E, F and having their centres on SS, when these points are 


we 
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real or on the straight line bisecting L,L, at right angles 
when S,, S, are not real ; 

(ii) the self-polar circles of the triangles ABF, EBC, FCD, EAD, 

the triangles formed by three sides of the quadrilateral. 
That is to say, when S,, S, are real they are the limiting 
points of this system and when S,, S, are imaginary all the 
circles of this system pass through L,, Lo. 

1. In the figures O, G, L are the mid-points of BD, AC, EF. 
Since (REQF)= -1, LE?=LR. LQ, that is, the circle on EF as 
diameter cuts orthogonally the circle PQR, Similarly the circles 
on AC, BD as diameters cut the circle PQR orthogonally. Thus 
the circle PQR belongs to the complementary system. 

2. When S,, S, are real, since (REQF) = —1 and the angle ES,F 
is a right angle, 8,Z and S,F are the internal and external bisectors 
of the angle RS,Q. Hence RQ touches circles of the complementary 
system at H and F. When S,, S, are not real 

LE?=LF?=LR.LQ=LL,.LL, (Fig. 2); 
that is, circles can be drawn touching HF at EF and F and passing 
through L,, Ly. 

3. If O, is the orthocentre of the triangle EBC and if EO, meets 
BC in K,, BO, meets EC in K,, CO, meets EB in Kz, then 

O,E .0,K,=0,B . 0,K,=0,C . 
but K,, K., Ky lie respectively on the circles on EF, BD, AC as 
diameters. Hence the tangents from O, to the circles on EF, BD, 
AC as diameters are equal to the radius of the self-polar circle of the 
triangle EBC. Therefore in Fig. 1 O, lies on S,S, and in Fig. 2 on 
the straight line bisecting L,L, at right angles. 

Similarly it can be shown that the self-polar circles of the triangles 
ABF, FCD, EAD are circles of the system to which the circle POR 
belongs. 

4. Since (REQF) = -1, 

RE : EQ=LE : LQ, 


similarly RC :CP=GC: GP, 
and QB: BP=OB: OP; 
RC PB QE_RA PB QE_, 
CP BQ ER AP BQ ER °° 
that is, incidentally QC, EP, RB meet in a point, and 
GC OP 1Q_, 
GP OB LE 
but from the triangle BCP and the transversal OGL, we have 
Ca OP 
OB HC. 
and hence LQ:LE=HB: HC. 
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Similarly we can prove 
LQ: LE=DM:MA=DN:NC=BH:HC=BJ:JA 
=EQ: ER=8,Q : S8,R=S,Q : 
also FM:MD=EN:ND=HF: BH=EJ:JB=GC:GP 
=S,R: 8,P=S8,R: 
where S,, S, are real points ; that is : 
The straight line joining the mid-points of the diagonals divides 
the sides of the quadrilateral internally and externally in the same ratio. 
It can also be proved that 
BD.EF 20P. LQ BD.AC 20P.RG 


AC.EF 2GP.LR 


and also that AC.BD.EF=8 OP.GR.LQ=8 OQ.GP.LR. 


5. The opposite sides of the quadrilateral subtend equal or supple- 
mentary angles at S, and S4. 


6. The feet of the perpendiculars from S, 


to AD, BC, AC, BD; 
to EF, CD, AC, AD; 
to CD, AC, BD, AB; 
to EF, BD, AB, AD; 
and to EF, AB, AC, BC are concyclic. 


Similar results hold for the point S,. 

These results follow from the fact that the sides of the quadri- 
lateral ABCD are the reciprocals with respect to either S, or S, of 
the angular points of a triangle and its orthocentre ; the points 
corresponding to the lines in any set of four above lie on a circle, 
and therefore the lines of any set of four touch a conic focus S, and 
another conic focus 8,. In fact : 

The sides of the quadrilateral ABCD reciprocate into the centres of 
the four inscribed circles of the triangle which is the reciprocal of the 
triangle PQR. 

Thus in the original figure four conics can be described with S as 
focus passing through P, Q, R and each having as a directrix one of the 
sides of the quadrilateral ABCD. 

This can be seen from the figure, for 

SP :SQ=PD:QD 

=(perpendicular from P on CD) : (perpendicular from Q 
on CD) ; 

SQ:SR=QE:ER 

= (perpendicular from Q on CD) : from R 
on CD) ; 
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SR: SP=CR:CP 


= (perpendicular from R on CD) : (perpendicular from P 
on CD) ; 


that is, a conic can be described passing through P, Q, R having S 
for focus and CD for directrix. 

Similarly each of the other sides of the quadrilateral ABCD is a 
directrix of a conic passing through P, Q, R and having S for a focus. 


433 
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Fic. 3. 


7. Since the polar of S, with respect to any circle of the system 
passes through S,, O, being the orthocentre of one of the four 
triangles formed by three of the sides of the quadrilateral ABDE 
(Fig. 3), O,S, . O,S, is equal to the square of the radius of the self- 
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polar circle of that triangle. Therefore when S, lies on the self-polar 
circle of one of these four triangles, ABC, say, S, coincides with 8, 
and in this case the circles on AD, BE, CF as diameters touch 0,8, 
at S,, their line of centres being the tangent at S,. This theorem 
can be stated thus : 

If S lies on the self-polar circle of a triangle ABC and if SD is per- 
pendicular to SA meeting BC in D, SE perpendicular to SB meeting 
AC in E, SF perpendicular to SC meeting AB in F, then the circles on 
AD, BE, CF, the diagonals of the quadrilateral ABDE, as diameters 
touch each other at S and cut the self-polar circle orthogonally. 


Il. A THEOREM ON THE COMPLETE OCTAHEDRON AND 
CO-AXAL SPHERES. 


In three dimensions there is a similar theorem in connection with 
the complete octahedron. This figure is formed by any three of four 
complete quadrilaterals in four different planes. The figure has six 
diagonals, each diagonal being a diagonal of two quadrilaterals. 
The figure has eight plane faces and twelve angular points and four 
plane triangular faces pass through each angular point. 

The eight triangular faces of the figure TW . RS, . R,S (Fig. 4) 
form such an octahedron determined by any three of the four 
complete quadrilaterals 
UV.RS,.RS;TW.SR,.PQ,; TW. RS,. P,Q; UV. PQ,. P,Q. 
The planes of these four quadrilaterals form the plane faces of a 
tetrahedron ABCD and the six edges of this tetrahedron are the 
lines of the six diagonals of the octahedron. 

If ABCD is taken as the tetrahedron of reference and if the 
equation of the face WSR, that is, the plane PQRS is 


la +mB + ny + pd =0, 
then the equations of the plane faces of the octahedron 
TW . RS,. RS 
are la +mB +ny +pd =0. 
1. The centre locus of all conicoids inscribed in this octahedron 
is a plane whose equation is 
Pa mB ps 
The six diagonals of the octahedron are conicoids of this system 
and therefore the middle points of the diagonals RS,, R,S; TW, 
UV; PQ,, P,Q lie in this plane. 

2. The spheres on these six diagonals as diameters cut ortho- 
gonally the sphere ABCD, for, taking the sphere on R,S, for 
example, 

(BR,DS) = -1 and hence if O is the mid-point of R,S, 


OR,?=OD .OB=the square of the tangent from O to the 
sphere ABCD. 
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Thus these six spheres have their centres in one plane and each 
cuts orthogonally the sphere ABCD. 


Fia. 4. 


3. If P= BB +d*D8, 
Q=c?Aa+a?Cy 
R=b?Aa +a*BB +f?D8, 
S=d?Aa+e?BB+f?Cy, 

the radical plane of the three spheres on R,S, TW, PQ, as diameters 
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is perpendicular to the plane BCD, «=0, and its equation can be 
put in the form 


The radical plane of the three spheres whose diameters are TW, 
RS,, P,Q is caring to the 1 ACD, 8 =0, and its equation is 


The radical plane of the three spheres whose diameters are RS,, 
R,S, UV is perpendicular to the plane ABD, y =0, and its equation is 


ps) +@ aa) +8 (aaa) 
The radical plane of the three spheres whose diameters are UV, 
P,Q, PQ, is perpendicular to the plane ABC, 5 =0, and its equation is 


and the radical plane of two spheres which do not both belong to 
one of these four sets of three spheres, the two spheres on T'W and 
UV as diameters, for example, is 

— A*m? Bil? D*n? 

All these planes intersect in the same Lota line, that is, the spheres 
on the six diagonals as diameters have a common radical axis. 

All these planes pass through the centre (V,/A, V,/B, V;/C, V4/D) of 
the sphere ABCD for on substituting the coordinates of the centre 

where p, is the radius of the sphere ABCD, and similarly 
Q=R =S =2V p,?. 
Therefore the radical axis passes through the centre of the sphere 
ABCD as it should. So since the sphere ABCD cuts all the six 
spheres orthogonally, it is a sphere of the complementary system. 

It may be noted that the first of the equations written above is 
satisfied by Q =0, R =0, S =0, but these are respectively the tangent 
planes to the sphere ABCD at B, C, D respectively, and these planes 

intersect in A,, where A,B CD is the tetrahedron formed by the 
tangent planes to the sphere ABCD at the points A, B,C, D. Any 
plane through the centre of the sphere ABCD and A 4 is perpen- 
dicular to the plane BCD. 

4. Thus if any two spheres intersect all six of them intersect, they 
all pass through two common points L,, L, and these are the limiting 
points of the series of spheres to which ABCD belongs. 

If two of the spheres do not intersect, no two of them intersect, 
but they have a common radical axis. In this case they can be 
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divided into four sets of co-axal spheres with limiting points, each 
set consisting of one set of three with the sphere ABCD, and the 
limiting points of any particular set are the points where the line 
of centres of the set of three cuts the sphere A BCD, that is, the four 
sets of limiting points lie on the circle which is the intersection of 
the sphere ABCD with the plane containing the mid-points of the 
six diagonals and the radical axis of the six spheres is the straight 
line drawn through the centre of the sphere ABCD perpendicular to 
the plane containing the centres of the six spheres. 

5. The limiting points L,, L, being real, the radical plane of the 
system to which the sphere ABCD belongs bisects L,L, at right 
angles and is the plane containing the mid-points of the six diagonals 
and the equation of this radical plane is L7?«/A =0. Hence the 
equation of any sphere of the co-axal system can be put in the form 


LOABaB Aa. Z(PalA) =O. (i) 
The equation of a sphere, centre O and radius p, is 

Xc?A BaB . AO? — p?) =0. 
Thus for a limiting point L,, we have 

A BaB -L'Aa . . L,A*) =0. 
Hence we have 

A: m/B:n/C: p/D, 

and similarly for Ly. 

6. Other co-axal spheres belonging to the set containing the 
sphere A BCD with real limiting points L,, L, are the twelve spheres 
touching the six diagonals at their extremities and having their 
centres on L,L,, for where a sphere of this system (equation (i) of 
§5) meets BD (« =0, y =0), we have 

e?BD . —A [BB + D3] [m?BB- + =0, 
or mB? + pd? + 83 [m?DB-! + p?>BD- =0. 
These two points coincide, that is, the sphere touches BD, if 
A=e?B?D?/(mD + 
and therefore 
mB—-pds=0 or mB+pds=0;_ 
but R,, S are on BD and the coordinates of R, are (0, p, 0, m) and 
those of S are (0, p, 0, —m). 

Hence co-axal spheres can be drawn touching R,S at R, and S. 
When L,, L, are not real, spheres can be drawn touching the six 
diagonals at their extremities and passing through the intersection 


of the sphere ABCD with the radical plane, that is, the plane 
through the mid-points of the diagonals. 


7. When the spheres on the diagonals as diameters intersect in 
real points L,, L, it is evident that all six diagonals subtend a right 
angle at L, and at L,. This can be proved from § 5, for 


L,B:L,D=mD : pB=BR,: R,D=BS: 8D; 
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that is, L,R, and L,S are the internal and external bisectors of the 
angle BL,D. Thus R,S subtends a right angle at L, and similarly 
at Ly. 


8. That the director spheres of all the conicoids inscribed in the 
octahedron whose planes are given by 2( +/«)=0 pass through two 
fixed points can be proved geometrically as follows : 

If we reciprocate with respect to L,, one of the limiting points, the 
octahedron and the tetrahedron formed by the six diagonals of the octa- 
hedron reciprocate into the cuboidal solid PP,QQ,RR,SS, and the 
tetrahedron ABCD, that is, the tetrahedron UVWT of Fig. 4, where the 
eight points, P, P,, ... are the centres of the eight spheres inscribed in 
the tetrahedron ABCD (UVWT). See 10, below. 

All conicoids inscribed in the octahedron reciprocate into conicoids 
passing through the eight centres of the inscribed spheres, that is, they 
reciprocate into equilateral hyperboloids. Therefore the centre of re- 
ciprocation is such that the three tangent planes from L, to any conicoid 
inscribed in the octahedron are mutually perpendicular, that is, L, must 
lie on the director sphere of each of these conicoids and similarly L, lies 
on each one of these. 


9. Each face of the octahedron reciprocates into one of the 
centres of the eight inscribed spheres of the tetrahedron ABCD 
(UVWT) which is the reciprocal of ABCD in the original figure. 

Thus in the original figure eight conicoids of revolution can be de- 
scribed having L, as focus, passing through the vertices of the tetrahedron 
ABCD and having one of the faces of the octahedron as a directrix plane. 


That this is the case can be seen from the figure, for 
L,A:L,B=AV:VB 
=(perpendicular from A on 7'SR) : (perpendicular from 
B on TSR) ; 
L,C =AP, CP, 
=(perpendicular from A on 7'SR) : (perpendicular from 
C on TSR) ; 
[,A:L,D=AR: DR 
=(perpendicular from A on 7'SR) : (perpendicular from 
D on TSR) ; 
and so on. 
That is, a conicoid of revolution can be described passing through 
ABCD having L, as focus and the plane 7'SR as directrix plane. 
Similarly a conicoid of revolution can be described passing 
through ABCD having L, as focus and any one of the other seven 
faces of the octahedron as directrix plane. 


10. To show that the eight faces of the octahedron whose angular 
points are pp,gq,, 17,88,, ... when reciprocated with respect to J, 
reciprocate into the centres of the eight spheres inscribed in the 
tetrahedron UVWT. 
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Taking this tetrahedron as tetrahedron of reference and substi- 
tuting ABCD for UV WT, if the coordinates of R are («, 8, y, 8), 
the coordinates of the seven other points P, P,, Q, Q,, ... are of the 
type +8, ...). 

Since the planes PP,QQ, and RR,SS, are the reciprocals of the 
points pp,99,, 77r,88,, and as the line joining these points subtends 
a right angle at L,, the planes PP,QQ,, RR,SS, are perpendicular, 
but their equations are 


3, 


Hence y,? =5,?, and similarly it can be shown that 
a? =p? =y,? = 8,7; 
that is, the points P, P,,... are the centres of the eight inscribed 


spheres but these points are the reciprocals of the plane faces 
P, --- of the octahedron. 


pars 


11. When the points P, P,, ... are the eight centres of the inscribed 
spheres the plane containing any four of these points is perpen- 
dicular to the plane containing the other four points. In three 
dimensions the figure PP,...SS, and the tetrahedron UVWT 
together correspond, in two dimensions, to a triangle ABC and its 
orthocentre and the pedal triangle of ABC, for the pedal triangle is 
self-conjugate with respect to any rectangular hyperbola through 
ABC and has A, B, C and the orthocentre as centres of its inscribed 
circles, R. T. Rosrnson, 
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THE LAW OF QUADRATIC RECIPROCITY.* 
By N. R. C. Dockrray. 


Ir is only after considerable hesitation that I have allowed myself 
to be persuaded to publish this paper, for it contains nothing what- 
ever that cannot be obtained from any of the standard text-books 
on the Theory of Numbers. I have, however, been influenced by 
the fact that to many school-masters such text-books are not easy 
of access, and that this is likely to be so more particularly in the case 
of those who were unable to attend the January meeting. Thus, 
although I feel that the pages of the Mathematical Gazette are hardly 
the place for the reproduction of selected passages from standard 
mathematical works, I have in this case allowed my scruples to be 
overcome, in the hope that the concession may prove useful to those 
who have neither the leisure nor the opportunity to become ac- 
quainted with the subject from the pages of Mathews or Dickson. 

Now I believe that one cannot have too many interesting “ side- 
lines ” with which to enliven the work in a VIth form, and I hold 
further that the less it is possible to invest these side-lines with any- 
thing in the nature of a practical purpose the more valuable they 
are. On this reckoning the Theory of Numbers ranks very high. 
For sheer unsaleability I would be prepared to back it against almost 
any other branch of mathematics. And of course it abounds in 
elusive and fascinating theorems, many of which, though simple in 
form, are extremely difficult to prove, while others are well within 
the capacity of a reasonably good class of scholarship candidates, 
and may profitably be used to revive their enthusiasm when the 
antics of a particle sliding about on a smooth inclined plane have 
become too boring. Among these latter may be instanced Farey’s 
theorem, which states that if all the positive proper fractions 
written in their lowest terms, which have denominators not ex- 
ceeding a given number, be arranged in ascending order of magnitude 
then each fraction is equal to the fraction whose numerator is the 
sum of the two numerators on either side of it, and whose denomi- 
nator is the sum of the corresponding denominators. Thus if the 
given number be 7, the fractions are 

64466 
and it will be seen that 
1 2+2 3 
3° 7+5’ 5& 7+3’ 

In this latter category also I think we may place the great law of 
Quadratic Reciprocity. This law, though known to Euler and partly 
proved by Legendre, was first completely proved by Gauss at the 
age of nineteen. His proof, which is by induction, requires no 
special knowledge of the Theory of Numbers, but it involves rather 


*Adapted from a paper read at the Annual Meeting of the Mathematical Asso- 
ciation, 5th January, 1938. 
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a lot of heavy algebra, and Gauss did not rest content until he had 
succeeded in constructing five other proofs. Of these six proofs, the 
third and fourth are the simplest ; the third in particular, although 
somewhat unattractive in the form in which Gauss left it, has been 
modified by Eisenstein by the substitution of a simple geometrical 
diagram for two pages of algebra, and in this form it cannot fail to 
appeal even to the most practically minded mathematician. It is 
this proof which will be set out in the present paper. 

Before I come, however, to the statement and proof of the 
theorem, I must first explain the meaning of the term “‘ Quadratic 
Residue ”. We know that, in the ordinary denary scale of notation, 
all square numbers must end in 0, 1, 4, 5, 6, or 9. No number whose 
final digit is 2, 3, 7 or 8 can be a perfect square. In the same way, 
if the radix of our scale were 14, the remainder, or residue, on 
dividing any perfect square by 14, must be 0, 1, 2, 4, 7, 8, 9, or 11. 
These numbers are called the quadratic residues of 14. Again, the 
quadratic residues of 5 are 0, 1 and 4. For any integer whatever 
can be expressed in one of the forms: 5m, 5m+1, 5m+2. Hence 
every square number must come under one of the headings: 5n, 
5n+1, 5n +4. 

It is clear that 0 must be a quadratic residue of all numbers ; for 
this reason it is customary to omit it in enumerating the quadratic 
residues. Moreover, it is not difficult to show that any quadratic 
residue of a composite number must also be a quadratic residue of 
each of its prime factors, and conversely. We shall therefore confine 
our attention to the case where the modulus is a prime number. 

As examples we may note that 


for 3, there is only one quadratic residue less than 3, namely 1 ; 

for 5, there are two quadratic residues less than 5, namely 1, 4; 

for 7, there are three quadratic residues less than 7, namely 
1, 2,4; 

for 11, there are five quadratic residues less than 11, namely 
1, 3, 4, 5, 9. 


In general, if p is an odd prime, there are }( p — 1) quadratic residues 
less than p. 

For, if m and n are both less than p, and have the same quadratic 
residue (mod p), then 


m?=n? (mod p), 


therefore m?—n?=0 (mod p), 
therefore (m-—n)(m+n)=0 (mod p), 
so that either m—n=0 (mod p), 
or m+n=0 (mod p), 


since p is prime. 
Thus either m=n, orelse m=p-—n. 
2a 
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It follows that the quadratic residues of the numbers from | to 
4(p-1) are all different, and that the quadratic residues of the 
numbers from }(p+1) to p—1 repeat the first set in the reverse 
order. Hence there are }(p-—1) quadratic residues less than p and 
no more. 

Now let us consider any odd prime number p, which we shall call 
the modulus, and let us find the residues (i.e. the remainders on 
division by p) of the successive powers of all integers less than p. 
In constructing tables of these residues we shall assume what will 
be admitted readily enough, namely that if 


x=a (modp) and y=b (mod p), 
then ay=ab (mod p). 


This granted, the construction of the tables becomes quite simple. 
Here, for examples, are the tables for the moduli 11, 13, and 19. 


Mopvutwts 11. 


13. 

#£ 7.2.3 6. 3 
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Mopvtvs 19. 


Powers 1 ys 3 4 5 6 7 8 9 
1 1 1 1 1 1 1 1 1 
2 4 8 -3 -6 7 -5 9 -1l 
3 9 8 5 -4 7 2 6 -l 
4 -3 7 9 -2 -8 6 5 1 
5 6 -8 -2 9 7 -~=—% 4 1 
6 -2 7 4 5 -8 9 -3 1 
7 -8 1 7 =8 1 7 -8 1 
8 7 -1 -8 -7 1 8 7 -l 
9 5 7 6 -3 -8 4 -2 1 


In constructing these tables we may note that (taking the case of 
the modulus 11] as an example), having first written the powers of 2, 
those of 3 can be obtained by taking the alternate powers of 2, 
starting from the end and working backwards. The row commenc- 
ing, 1, 4 can now be obtained by writing the preceding row back- 
wards ; the next by taking alternate powers from the fourth row ; 
the next by writing the second row backwards. Further, in a row 
such as the third, where we get 1 as the residue of the fifth power, 
the second half of the row is a repetition of the first. But when the 
residue of the fifth power is 10, which is congruent to — 1, the second 
half is obtained by subtracting the numbers in the first half from 
the modulus 11. Moreover, if the powers of n have been obtained, 
those of p—m can be written down at once, for the residues of the 
even powers are the same in both cases, while the residues of the 
odd powers are negatives of one another, that is to say, their sum 
is equal to the modulus. By means of devices of this sort, it is easy 
to write down the table for any fairly small prime. We have given 
the table for 13 completely, but in the case of the modulus 19, only 
the left-hand top quarter is given, since by the devices mentioned 
above the remainder of the table can be written down at once. More- 
over, in this case, all residues greater than 9, i.e. (19 — 1), have been 
diminished by 19, so that 10 becomes —9, 11 becomes - 8, and so 
on, until we reach 18, which becomes —-1. For many purposes this 
is more convenient than when all the residues are written positive. 

Now on examining these tables the first fact that strikes one is 
that the final number in every row is 1. This is, of course, Fermat’s 
theorem, for, expressing the fact in symbols, it becomes 


(mod p), 


where a is prime to p. 
Next, we notice that the half-way residue is in all cases either +1. 
That this must be so is easily deduced from Fermat’s theorem. For 


a?-1_1=0 (mod p), 
therefore {at-D — ]}{ak@-) +1}=0 (mod p), 
noting that p —1 is even. 
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But p is prime, hence one or other of the above factors must be a 
multiple of p, so that 


+1 (mod p). 


Now which are the numbers which have +1 as the residue of their 
3(p-1)th powers? In the case p=11, we see from the table that 
they are 1,3, 4,5 and 9. In the cases p=13 and p =19, we see that 
they are 1, 3, 4, 9, 10, 12, and 1, 4, 5, 6, 7, 9, 11, 16, 17 respectively. 
But, glancing down the column headed by 2, we see that these are 
in each case the quadratic residues for the prime considered. Thus 
if a is any number prime to p, and if we write p’ for }( p-1), it 
would appear that 


a?’ = +1(mod p), when a is a quadratic residue, 


and = —1(mod p), when a is a quadratic non-residue. 


The first part of this is very simple to prove. For if a is a quad- 
ratic residue, then a=? (mod p), 


therefore a?’ (mod p). 


The second part is not quite so easy. There are, however, various 
lines of approach. One is to show that the congruence x? = 1 (mod p) 
cannot have more than p’ incongruent roots. Since there are p’ 
incongruent quadratic residues, and each of these is a root of the 
congruence x?’ =1 (mod p), it will then follow that if y is a quad- 
ratic non-residue, we must have y?= —1(mod p). The method of 
establishing the fact that the congruence x?’=1(modp) cannot 
have more than p’ distinct roots is identical with that used in the 
theory of equations. The proposition is, in fact, perfectly general. 
If kis any factor of p —1, then the congruence x*=q (mod p) cannot 
have more than k distinct roots. (Of course, it will not have any at 
all unless q is a residue of the appropriate power.) 

As an example, let us take the case where k=4; the method 
employed is perfectly general. 

Suppose x4 =q(mod p) has five distinct roots, «, B, y, 5, €. 


Then a*—B4=0 (mod p), 
therefore (a — B) (a? +028 + + (mod p). 
But a#B (mod p), 
therefore a? +a8?+8%=0 (mod p). 
Similarly (mod p), 


therefore a?(B —y) +a(B? —y*) +(B®-y*)=0 (mod p), 
i.e. (B—y) (a? +B? +y?+By+ya+aB)=0 (mod p). 
But (mod p), 
therefore (mod p). 
Similarly a? + +82 + (mod p), 
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therefore (y? — 8") +B(y —8) +a(y-8)=0 (mod p). 


But y #85 (mod p), 
therefore a+B+y+8=0 (mod p). 
Similarly a+B+y+e=0 (mod p), 
therefore (mod p), 


which is contrary to hypothesis. 

Thus x4=q(mod p) cannot have more than four incongruent 
roots. And in the same way we can show that the congruence 
x*=q(mod p) cannot have more than k incongruent roots, and that, 
if it has k roots (which occurs only when k is a factor of p — 1), then 
the sum of these roots is a multiple of p. 

Thus in the table for the modulus 13, we can read off the roots of 
the congruence x4=3(mod 13). They are x=2, 3, 10, or 11. And 
the sum of these is 26. Again, the roots of the congruence 23 =11 
(mod 19) are x =5, 16, or 17, and the sum of these is 38. 

We have shown, then, that the congruence x?’ =1 (mod p) cannot 
have more than p’ distinct roots. It certainly has this number of 
roots, for we know that each of the p’ quadratic residues is a root. 
It follows that the remaining p’ numbers less than p, i.e. the p’ 
quadratic non-residues, must be the roots of the congruence 


xP’ (mod p). 


As the law of quadratic reciprocity hangs entirely on this fact, it 
may not be out of place to outline a second proof. This depends on 
the existence of ‘‘ primitive roots ’’, i.e. numbers which, in the series 
of their powers, do not provide any repetitions, but run through the 
whole gamut of numbers less than p. It can be shown that such 
numbers must exist, and, in fact, that the number of such primitive 
roots is the same as the number of numbers (including unity) less 
than p —1 and prime to p-1. In the case of p = 13, it will be at once 
seen that 2, 6, 7, 11 are primitive roots ; in the case p = 19 the primi- 
time roots are 2, 3, 10, 13, 14, 15. 

Now suppose that 6 is a primitive root. Then since the series of 
powers of 6 contains no repetitions, we must have 


‘=-1 (mod p). 
Now, since b2"=(b")? (mod p), 
it is clear that the p’ residues of the even powers of 6 are quadratic 
residues, and therefore the p’ residues of the odd powers of 6 are 
quadratic non-residues. Thus in the case p=13, b =2, the residues 
of the even powers are 4, 3, 12, 9, 10, 1, which are the quadratic 


residues of 13, and the residues of the odd powers are 2, 8, 6, 11, 5, 7, 
which are the quadratic non-residues. 


Thus if x is a quadratic residue of p, x=b®" (mod p), 


while if y is a quadratic non-residue, y=b?"+1 (mod p). 
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Tn the first case, 
= (mod p). 


In the second case, 
= = , br -1 (modp). 


In view of what we have proved, Legendre introduced the symbol 
(a | p) to denote the residue of a?’ (mod p). 


Thus when a is a quadratic residue, (a|p)=+1 (mod p), 
and when a is a quadratic non-residue, (a|p)=-1 (mod p). 
It is at once evident that 
(ab | p)= (a | p). (b| p). 

For (ab | p) =(ab)”’ (mod p) 

=a?’ .bP’ (mod p) 

=(a| p).(b| p). 
It follows that the product of two quadratic residues or of two 
quadratic non-residues is a quadratic residue, while the product of 
a quadratic residue and a quadratic non-residue is a quadratic non- 


residue. 
We are now in a position to formulate the law of quadratic 


reciprocity. Stated in symbols the law is that, if p and q are two 
odd primes, 

or, in words, if p and q are two odd primes, each is a quadratic 
residue of the other, or each is a quadratic non-residue of the other, 
unless both p and q are of the form 4m +3, in which case one is a 
quadratic residue of the other, and the other is a quadratic non- 
residue of the first. 

Thus if p=7 and g=37, since here q =1 (mod 4), we must have 
either 

(i) 7 is a quadratic residue of 37, and 37 is a quadratic residue 

of 7, 

or else 

(ii) 7 is a quadratic non-residue of 37, and 37 is a quadratic non- 

residue of 7. 
As it happens, the first alternative is true here, for 
92=81=7 (mod 37), 

and 10? =100=2=37 (mod 7). 
Again, if p =7 and q = 17, the same alternatives hold, but in this case 
both are quadratic non-residues of each other. But if we take two 
primes of the form 4m+3, such as 7 and 19, we find that 7 is a 
quadratic residue of 19, since 8? =7(mod 19), but 19 is not a quad- 
ratic residue of 7. 
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The first part of Gauss’ third proof is almost identical with Euler’s 
proof of Fermat’s theorem. In the latter we find the residue of 
q’-!(mod p) by noting that the set of numbers 


q 2q, 3q, 
are all incongruent (mod p). 
For we cannot have rg=sq (mod p), 
unless (r—s)q=0 (mod p); 


i.e. unless r =s, since r and s are both less than p, and q is prime to p. 
Hence the above set must be congruent to the set 


1, 2, 3, ...(p—1) 
in some order. Therefore, by multiplication, 
(p—1)!g=(p-1)! (mod p), 


therefore q?=1 (mod p). 
Now in dealing with quadratic residues we aim at finding whether 
(q|p)=1 or -1, 
ie. whether q” =1 or -1 (mod p), 
where p’ =3(p-1). 


Adopting the same method as before, we form the residues (mod p) 
of the set of numbers 


q; 24, 3q, 
But in this case we take each residue to be numerically less than or 
equal to p’, any positive residue r greater than p’ being replaced by 
a negative residue r — p, which will be numerically less than or equal 
to p’. 
As before these residues are all distinct, and further, if r is any one 
of them, —r cannot also occur. 


For if mq=r (mod p), 
and nqg=-r (mod p), 
then (m+n)q=0 (mod p), 
whence m+n=0 (mod p), 


since q is prime to p. 

But this is impossible since m and n are both positive and less 
than 4p. 

Thus the residues of the set are identical with the numbers 

1, 2, 3, ... p’ 

in some order, and each prefixed by a plus or minus sign. 

As an example, suppose that p=17 and q=11. 
we have m=-6 5-1-7 4-2-8 3 


} 
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and we see that each of the numbers 1, 2, 3, 4, 5, 6, 7, 8 occurs once 
and once only, five of them being preceded by a minus sign. 
Returning to the general case, we have by multiplication, 


p’!q” =(—1)*p’! (mod p), 


where & is the number of negative terms occurring in the set of 
residues ; 


i.e. q” =(-1)* (mod p), 

i.e. (q|p) =(-1)*. 

In the same way, (p|q)=(-1)*, 

where k’ is the number of negative terms in the set of residues 


P, 2p, 3p, 3(q-1)p (mod q), 
when all the residues are all taken to be numerically less than or 
equal to 
Thus (q |p) x(p|q)=(-1)***. 
We have therefore to examine the values of k and k’, or rather 
of k+k’. 
Now a multiple of q, say xq, gives a negative residue (mod p), if 


P(y —3)<gr<py, 
where y is some integer. 

Take axes OA, OB as x and y axes, and let A be the point (47, 0), 
and B the point (0, $¢). Complete the rectangle OACB, and mark 
all the unit points inside the rectangle OACB by dots as shown in 
the diagram, none being upon the axes. 


Let N be the point (0, 4), Z the point (}p, $¢+1); join OC, AB, 
and NL ; let OC, AB meet at R. 

Since q is prime to p, none of the lines OC, AB, NL can pass 
through any of the dots. 

Now the values of x and y for which gr< py are all above the line 
OC, whose equation is gz=py. Thus the integral values of x and y 
for which gx<py and x<}( p-1) and y<}(q-1) are represented 
by those dots which lie in the triangle OCB. Also the values for 
which gx>p(y-—4) are all below the line NZ, whose equation is 
=p(y — 3). 

Thus the integral values of x and y satisfying the inequalities 


P(y —3)<qx<py 

are represented by those dots which lie inside the parallelogram 
OCLN. In other words, in the set of residues (mod p) of the mul- 
tiples of g, negative terms correspond to dots inside this parallelo- 
gram. This may be verified by comparing the diagram with the 
table given on p. 447, last two lines. 

Thus k is equal to the number of dots in the parallelogram OCLN. 

Now denote the number of dots in any figure S by (8). 


Then (OCLN) =(OCB) -(NLIM). 
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But it is easily seen (by symmetry) that the triangle NLM is 
identical with the triangle BAO both in size and content. 


Hence k =(OCB) - (BAO) 
=(BRC) -(ORA). 
Similarly k’ =(ARC) - (ORB). 
Therefore k +k’ ={(ARC) +(BRC)} — {(ORA) +(ORB)} 


=(ACB) -(AOB) 
=(OACB) —2(AOB) 
=(OACB) (mod 2). 


But (OACB) =3(p-1) x 3(q-1), 
=1(p-1)(q-1). 
Therefore (p|q) x(q| p) =(-Lt@-Y@-D, 
M L 
6 
Ae 
‘ 
R 

2 

1 
fe) 1 2 3 4 5 6 7 8 AQ 


Diagram for p=17, g=11. 


Thus the law of quadratic reciprocity is established. This law 
alone, however, is not sufficient to enable us to determine whether 
or not one number is a quadratic residue of another. For this 
purpose we must also be able to evaluate (2 | p), and in addition it is 
often useful to know the value of (—1]|p). The latter of these is at 
once evident, for, by definition, (—1|p)=(-1)#®-). From this 
it follows that —1 is a quadratic residue of all primes of the form 
4n +1, and a quadratic non-residue of all primes of the form 4n +3. 
To evaluate (2 | p), we adopt the same method as before. Form the 
residues (mod p) of the first $(~-1) multiples of 2, taking each 
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residue to be numerically less than or equal to (p-1). Then 2 will 
or will not be a quadratic residue of p according as the number of 
negative residues in this set is even or odd. Now let }(p-—1)=A +a, 
where A is an integer and 0<a<1, so that «=0, }, $, or ?. Then 
2A<}(p-1), but 2(4+1)>4(p-1). Thus the multiples 
2.1, 2.2, 2.3,...2.A 
give positive residues, while the remaining multiples give negative 
residues. Hence the number of negative residues is $(p—1)-—A, 
and if we write k for this number we have (2 | p) =( — 1)*. 
Now if p=8n+1, then A =2n, and k=4n —-2n=2n; 
if p=8n +3, then A =2n, and k=(4n +1) -—2n=2n+1; 
if p=8n+5, then A =2n +1, and 
k =(4n +2) —(2n +1) =2n +1; 
if p=8n +7, then A =2n +1, and 
k =(4n +3) —(2n +1) =2n +2. 
Thus k& is even when p=8n +1, and odd when p =8n +3. 


In other words, 2 is a quadratic residue of all primes of the form 
8n +1, and a quadratic non-residue of all primes of the form 8” +3. 
Expressing this in symbols we may write 


(2| p) =(-1ho-», 


We are now in a position to discover the values of (q|p). For 
example, to find whether 83 is a quadratic residue of 149, we have 


(83 | 149) =( — 66 | 149) 
= (-1| 149) x (2 | 149) x (3 | 149) x (11 | 149). 
Now since 149=1 (mod 4), therefore (-—1 | 149) = +1; 
and since 149 =5 (mod 8), therefore (2 | 149) = -1. 
Also since 149=1(mod 4), therefore 
(3 | 149) =(149 | 3) =(2 | 3) = -1, 
and (11 | 149) =(149 | 11) =(6| 11) =(2| 11) x (3| 11) 
=-Ixl=-1. 
Hence (83 | 149) = -1, 
i.e. the congruence x? = 83(mod 149) has no solutions. 
On the other hand, 
(73 | 149) =(149 | 73) 
=(3 | 73) =(73 | 3) 
=(1|3)=1. 
Hence the congruence x? = 73 (mod 149) is soluble. 
If we wish to solve the congruence we proceed as follows. 
Let x? =149y +73. 


8 
tl 
: 
| 
by 
He 
| for 
for 
3 is 
: for 
7 
Ih 
pri 
28n 
(1 
nun 
not 
sma 
also 
| ther 


THE LAW OF QUADRATIC RECIPROCITY 451 


Now if x satisfies this congruence, so also does 149 — 2, and one of 
these must be less than or equal to 74; suppose it is z. Then 
x 149, so that y<37. 

Thus the number of values of y which have to be tried is limited. 
But some of these can be ruled out straight away, for since 149y +73 
is to be a perfect square, it cannot be of the form 3n +2 (since 2 
is a quadratic non-residue of 3). 


Thus 149y+73#2 (mod 3), 
i.e. 2y+14#2 (mod 3), 
0: y#2 (mod 2). 
Similarly 149y +73 #2 or 3 (mod 5), 
since 2 and 3 are quadratic non-residues of 5 ; 
therefore 4y +342 or3 (mod 5), 
i.e. y #1 or 0 (mod 5). 


Thus y must be one of the following set : 
3, 4, 7, 9, 12, 13, 18, 19, 22, 24, 27, 28, 33, 34, or 37. 

In the same way we can show that y cannot be of any of the forms 
Tn, In+1, 7n +5, lln, 1ln+1, 11n +2, 11n +6, 11n +9. 


When we have eliminated numbers of these forms from the above 
set we are left only with 3, 4, 18, 27 and 37. The number of possible 
values of y has now been so reduced that the solution is easily found 
by trial. By this means we find that when y =27, 

149y +73 =4096 = 64?. 
Hence the solution of the congruence is 
x=64 (mod 149). 

We have seen that —1 is a quadratic residue for all primes of the 
form 4n +1, and that 2 is a quadratic residue for all primes of the 
form 8 +1. We can express in a similar form the primes for which 
3 is a quadratic residue. 

Thus if (3 | p) =1, and if p=1(mod 4), then ( p | 3) =1, and there- 
fore p=1 (mod 3), i.e., p=1 (mod 12). 

And if (3|p)=1, and p=3(mod 4), then (p|3)=-1, hence 
p=2 (mod 3), 7.e., p= —1 (mod 12). 

Thus 3 is a quadratic residue for all primes of the form 12n +1. 
In the same way we can show that 5 is a quadratic residue for all 
primes of the form 10n+1;7 for all primes of the form 28n +1, 
28n +3, 28n +9: and so on. 

We close with a few applications. 


(1) Quadratic residues may be used to assist in factorising large 
numbers. The method depending on the simplest theory (though 
not the simplest method to apply in practice) is to find two or three 
small quadratic residues of the number to be factorised, these must 
also be quadratic residues of each of its prime factors, which must 
therefore be of a known form. 
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When one quadratic residue has been determined, we may some- 
times find others by the following method. 
Suppose that a is a quadratic residue of the given number N, 


and that 

Then if on dividing 2cx by a (where c is any conveniently chosen 

integer) the quotient is A and the remainder p, so that 
2ex =ad + p, 
then c? — Ay is also a quadratic residue. 

For A2z? = + A2DN, 
therefore (Ax —c)? =)?a — +0? + PON 

=)bN +c? —A(2cx — Aa) 
+(c? 
which proves the statement. 

It is sometimes possible to choose c so that c? — Ay is either itself 
small, or is the product of a small number and a perfect square. 
When a few small quadratic residues have been found, the number 
of trial divisors can be greatly reduced. 


For example, if the number to be factorised is 590467(=N), we 
find, by taking square roots of successive multiples of NV, that 


3N +160 =1331?, 


therefore 160 is a quadratic residue. But 160 =10 x 4*, hence 10 is 
a quadratic residue. Now taking z=1331 and a=160, we make 
two tables of the values of A and yp, the first with p positive, the 
second with » negative, thus : 


c A c A 
1 16 102 1 17 —58 
2 33 4h 2 34 -116 
3 49 146 3 50 -14 
4 66 88 4 67 -—72 
5 83 30 5 84 — 130 
6 99 132 6 100 — 28 
7 116 74 7 117 — 86 
8 133 16 8 134 — 144 
9 149 118 9 150 —42 
10 166 60 10 167 — 100 
11 183 2 il 184 — 158 


These tables can be written down very rapidly, since an increase 
of 1 in c corresponds either to an increase of 16 in A and an increase 
of 102 in yp, or to an increase of 17 in A and a decrease of 58 in p. 
Taking c =11, A=183 and p =2, we have 

c? —Au = 121 - 366 
= -245= -5x7?; 
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hence —5 is a quadratic residue. But 10 is a quadratic residue, 
hence —2 is also one. Again, taking c=10, A=167 and u= — 100, 
we find that 16800 is a quadratic residue, and therefore 42 is also one. 
The only primes less than 768 which have —2, —5 and 42 as quad- 
ratic residues are 41, 89, 107, 283, 307, 347, 443, 521, 523, 643, 683, 
and 761. Thus the number of trial divisors has been reduced to 
twelve. On performing the divisions we find that 


590467 = 523 x 1129. 


More elaborate and more effective methods of factorisation, also 
depending on the use of quadratic residues, will be found in an 
article by Mr. C. G. Paradine in the Gazette for October 1935. 

(2) To prove that there is an unlimited number of primes of the 
form 4n+1. If this is not so, let p be the largest prime of this form, 
and let the product of all the odd primes up to and including p be P. 
Consider the number 4P?+1. Since -1 is obviously a quadratic 
residue for this number, it must also be a quadratic residue of all 
its prime factors, which must therefore all be of the form 4n +1. 
But 4P? +1 is clearly not divisible by any prime from 2 to p inclusive, 
hence it must either itself be a prime or else be divisible by some 
prime greater than p. Thus a contradiction is reached. It follows 
therefore that the number of primes of the form 4n +1 is unlimited. 

N. R. C. D. 


1219. From a Script. 

(To prove that a plane section of a sphere is a circle.] 

A circle can be drawn through any three points, but not necessarily through 
a fourth. A plane can be drawn through any three points also, but not 
through a fourth. Thus a circle is a limited portion of a plane. If the plane 
cuts a sphere its section will be a limited portion, with some properties of 
sphere and plane. Thus it will be a circle. [Per Dr. E. A. Maxwell.] 


1220. ““ You seem to be putting the odds at somewhere round about a 
million to one. I should put them at six to one. Permutations and combi- 
nations, you know.” “ Damn your permutations, sir!” riposted Sir Charles 
with vigour, ‘“‘ And your combinations too.” Mr. Bradley turned to Roger, 
“Mr. Chairman, is it within the rules of this club for one member to insult 
another member’s underwear? ”—Anthony Berkeley, The Poisoned Chocolates 
Case (Penguin edition, p. 80). 


1221. ...and parts of Staffordshire by their ruggedness and beautiful un- 
folding scenes compensate for the other areas, beneath which many thousands 
of cubic acres of ‘“‘ black diamonds” have been and are even now being 
mined.—Birmingham and District. An Official Guide. Published by the 
Birmingham Chamber of Commerce. [Per Mr. S. F. Trustram.] 

1222. Liberto walked off with his red head in the air, very sure of his own 
opinions. He was a mason, and knew something of geometry and the physical 


sciences, and so his intelligence was solid.—R. J. Sender, Seven Red Sundays. 
[Per Mr. S. F. Trustram.] 
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RELATIVITY AND THE CAMERA. 


AN OBSERVATIONAL APPROACH TO THE LORENTZ 
FORMULAE IN SPECIAL RELATIVITY. 


By Rev. J. RIvERSDALE COLTHURST. 


TuE following notes are the result of an attempt to gain some insight 
into the meaning of the Lorentz formulae, avoiding the use of 
technical terms such as frames of reference, coordinates, and point- 
events. 

The hypothesis of Einstein that the velocity of light is a constant, 
independent of the relative velocity of the source and observer, is 
assumed throughout. 


A' <— B! 
A B 
1. 


Suppose AOB, A’O’B’ to be two rigid rods, which may be con- 
ceived as being superimposed, but drawn as in Fig. 1 for clearness. 
Let X and Y be observers attached to the rods at O and O’ respec- 
tively ; and let X and Y attribute the length / to OA and O’A’ re- 
spectively, using the same unit of length. Now suppose the rods 
to be moving relatively to each other with uniform relative velocity 
v, in the sense given by the arrows. Let each observer possess a 
camera, and at the moment when O and O’ momentarily coincide, 
let X and Y each take a snapshot of the system, their cameras being 
directed towards A and A’. Neither photograph will show A’ as 
coinciding with A. Since light takes a time //c to travel from A to 
O, his photograph will show a point P on OA as coinciding with A’, 
where OA: AP=c:v, as estimated by X. Similarly Y’s photo- 
graph will show a point P’ on O’A’ as coinciding with A, where 
O’A’: A’P’ =c: v, as estimated by Y. 

We thus have as X’s photograph (Fig. 2) : 


A! 


A Pp 
2. 


and as Y’s photograph (Fig. 3) : 
A! 
A 
Fig. 3. 


and since OA in the first is actually equal to 0’A’ in the second, we 
have the remarkable fact that the two photographs, taken at the 
same point at the same instant of time, are different. 

Now these photographs may be taken to represent what X and Y 
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respectively see at the moment when O and O’ coincide ; and so we 
conclude, that while X and Y both “see ’’ OA greater than O’A’, 
in the first case the “ stationary ” observer X “ sees ”’ the “ moving ” 
rod 0’A’ as shorter than his own “ fixed ’’ rod ; in the second case 
the “ stationary ” observer Y sees the “ moving ”’ rod as longer than 
his own “ fixed ” rod. 

Now let /’ be the length attributed by each observer to a rod 
which he considers to be moving relatively to himself in the direction 
of its length with uniform velocity v, to which he assigns the length / 
when it and he are relatively at rest. It is required to find the 
relation between / and I’. 

The essence of relativity lies in the comparison and combination 
of observations by different observers, so as to obtain results on 
which they can agree. In this case they can be taken as agreeing on 
the meaning of / and l’ ; to obtain a relation between them, on which 
they can agree, they have to compare and combine their observa- 
tions. 

From the first photograph, X gets O0’A’=OA-AP=OP. But 
since he regards himself as stationary and O’ A’ as moving relatively 
to himself, he regards O’A’ as Il’ and OP as /(1—v/c). Calling a unit 
of length on OA an X-unit, and a unit of length on O’A’ a Y-unit, 
we have as X’s equation 


V Y-units =1(1 -*) X-units. 


Similarly on the second photograph, Y regards OA as I’ and O’P’ as 
1(1+v/c), and obtains the equation 


l’ X-units =1 (1 °) Y-units. 


The explicit mention of the units is necessary for the purpose of 
comparing and combining the observations, since regarded as they 
stand the equations l’ =1(1 —v/c) and /’ =/(1 +v/c) are either incom- 
patible or lead to aan results. This is a vital point of the 
present investigation. 

Now in combining their observations X and Y must go by the 
same rules ; and so the ratio of an X-unit to a. Y-unit must be the 
same for both ; whence we get 


=1(142):0; 
or (1-5), 
or 


a fundamental formula of Special Relativity known as the Lorentz 
contraction. 
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The same result can also be obtained as follows. 

For the moment let x and 2’ be the lengths assigned by X and Y 
respectively to OA, and y and y’ the lengths assigned by Y and X 
respectively to O’A’. 

Then from the first photograph, X gets y’=x(1-v/c) and from 
the second photograph Y gets x’=y(l+v/c). But 2 is the length 
assigned by X to the “stationary ” rod OA, and y is the length 
assigned by Y to the “‘ stationary ” rod O’A’ ; and as by supposition 
each of these lengths is equal to /, we must have 

x=lunitson OA =I X-units, 
y =l units on O’A’ Y-units, 


and similarly for x’, y’, l’, whence as before 


X-units =1(1 + Y-units. 
\ Cc 


Professor Milne in his book, Relativity, Gravitation and World 
Structure, obtains the equations 


where x and y are now intervals of time. He states that these 
equations are essentially more primitive than the Lorentz equations : 
and that they imply the whole of Special Relativity, and a good deal 
more. For the case in point, of uniform relative velocity, 
¢(x)=valc, p(y) =vry/c, 
and his equations 


fiy)=2(1-"), fie)=y(1+2) 


are the same as obtained above on putting f(x) =2’, f(y)=y’. The 
solution of these functional equations is given by him as 


fle) 


leading in my interpretation of x and y directly to the Lorentz 
contraction 


It is, I think, remarkable that Milne’s equations should thus be 
applicable to lengths, and capable of derivation from two diagrams, 
namely, the above photographs. We should further emphasize that 
it appears that the Lorentz contraction is a relation between pure 
numbers, arrived at by calculation, and not amenable to observa- 
tion; J and l/l’ are not two different lengths, but two different 
numbers assigned to the same length by two different observers. 
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In order to see this more clearly, let us suppose A and B to be two 
different units applicable to the same kind of quantities; e.g. 
length, money, time, temperature, and so on. 


Let x, y, 0, & be positive rational numbers such that the following 
relations hold : 


x A-units = 6y B-units, 
x B-units =@’y A-units. 


It is required to find the relation between 2 and y, and also that 
between the units. We have 


1 A-unit B-units, 


1 A-unit = Ps B-units. 


Whence Oy: or x=,/(06’) .y. 


Two relations between quantities thus combine to give one relation 
between numbers. 


Now 60 is either equal to 1 or not equal to 1. If 06’ =1, we get 
x=y, and 
1 A-unit=6 B-units, 
1 B-unit = A-units, 


which are the relations between the units in what may be termed 
ordinary cases : for example, 


1 Irish mile =} English miles, 
1 English mile =}} Irish miles. 


In the present case 0 =1 - v/c, &’ =1 +v/c and putting l’ and 1 for x 
and y respectively, we get 


as a relation between pure numbers. 
When 06’ +1, we get 
./(00’) . y A-units = 6y B-units, 
./(00’) . y B-units = A-units, 
or 1 A-unit =,/(6/6’) . B-units, 
1 B-unit = ,/(@’/@) . A-units, 


and comparing these formulae with the relations above as derived 
from the photographs, we see that, putting @=1-v/c, 6 =1+/c, 


we get 
1 Y-unit = X-units, 


. 
1 X-unit =\/(* Y-units, 
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and it is remarkable that these relations are the same in form as the 
relativistic relations for the Doppler shift effect : 


y= ral( 

1+ 

where A and 2’ are the original and observed wave-lengths, and the 
first formula applies to a motion of mutual approach, the second to 


one of mutual recession. 
Suppose now that v/c is so small that v?/c? may be neglected. 


Since now 
1-2=1/(1+2) 


and /’ =/, we get relations corresponding to the general case 66’ =1 
as follows : 


1 Y-unit = ( 1- =) X-units, 


1 X-unit -(1 +*) Y-units, 


and these again exactly correspond to the classical formulae for the 
Doppler Shift, where second order terms are neglected. 

These last relations between the X-units and Y-units can be read 
off directly from the two photographs, remembering that now OA 
and 0’A’ in both photographs have the same “length ” / attached 
to them. It is plain in this case that in either photograph if OA be 
“equal to” O’A’, different units of length must be used on each 
line. 

This is a curious result ; if v?/c? be neglected, X and Y will now 
assign the same number / to the rods OA and O’A’ which they 
respectively consider to be stationary and moving ; but they will 
still not assign the same “ length ”’ to them, because of the difference 
in units. 

Let us now consider the relations between measures of time as 
made by X and Y. 

Let t and ¢’ be the measures, as estimated by X and Y respectively, 
of the time taken for a light-signal to travel from A to O. From the 
previous equation, 


X-units=1(1+") Y-units, 
c 
lV’ X-units Y-units 
v+e 
But a length divided by a velocity gives a time, so that 
vt+e 
Cn substituting ct’ for l’ and ct for 1, we get 
’ X time units =t(1+v/c) Y time units. 


we get 


X time units -! Y time units. 
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Similarly, we get 
t’ Y time units =¢(1 —v/c) X time units, 
and proceeding as before 


where ¢ and ¢’ are numbers attached by X and Y respectively to the 
same period of time. 

In order to obtain the Lorentz transformations, suppose X and Y 
to possess synchronised clocks, each of which marks zero when O 
and O’ coincide. Let X and Y each now take a photograph ; X at 
the instant his clock shows the time ¢t, and Y at the instant his clock 
shows the time ¢’. Suppose each photograph shows two points Z 
and Z’ as coinciding. X’s photograph is as in Fig. 4, where OO’ =vt 


z' o' 
Z P 
Fia. 4. 


and Y’s photograph is as in Fig. 5, where now OO’ =vt’. Now 


Fia. 5. 


suppose for the moment xz and 2’ to be the lengths attributed to 
OZ by X and Y respectively ; and y and y’ to be the lengths 
attributed to O’Z’ by Y and X respectively. Then from the first 
photograph X gets y’ =x — vt and from the second photograph Y gets 

"hal now the occurrence of the coincidence of Z and Z’ to be 
marked by a flash of light at the point of coincidence. From the 
first photograph it is clear that this light signal will reach X at time 
a/c as shown on his own clock. Also from the second photograph 
the light signal reaches Y at a time y/c, which is the time ¢’ as shown 
on his own clock. We thus get 


y =x-vt 
x’ =y+vt' 


and have again obtained the Milne equations. Now, using the 
previous results 


we get as X’s equation 
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Again in X’s photograph the clock at O shows time ¢ and the 
clock at O’ shows timet —vt/c. This latter is then X’s measure of time 
which Y measures at ¢’ on his clock which is moving with regard to X. 
Hence X obtains 


and as Y’s equation 


If we regard x, ¢ and y, t’ as the “ coordinates ”’ assigned by X 
and Y respectively to the “ point-event”’ of the coincidence of Z 
and Z’, we get from X’s point of view 


and from Y’s point of view 


which are the one-dimensional Lorentz transformations, and inverse 
transformations. 

Observing finally that these last two photographs are really the 
same as the first two, if we interchange O and O’ with Z and Z’, it 
appears that the so-called Lorentz contraction for space and time, 
the Lorentz transformations, and the relativistic and classical 
formulae for the Doppler Shift effect, are all obtainable from a con- 
sideration of two photographs, and an abstract discussion on units. 
This seems an interesting result, in that it offers what is apparently 
a new interpretation of the Lorentz Contraction, exhibiting it as a 
concept, derived from diagrammatically representable percepts ; and 
ultimately dependent on the simple fact that light takes a finite 
time to travel a finite distance. 

J. R.C. 


1223. ‘“‘... that is to say, in a space of infinite dimensions our locus can 
have no content at all. We might be pardoned for supposing that in a space 
of infinite dimension we should find the Absolute and Unconditioned if any- 
where, but we have reached an opposite conclusion. This is the most curious 
thing that I know of in the Wonderland of Higher Space.”—P. R. Heyl. 
“* Properties of the locus r=constant, in space of n dimensions ”, Publications 
of the University of Pennsylvaniu, Mathematics, number 1, 1897, p. 38. The 
reference is to the fact that the n-dimensional volume of an n-sphere approaches 
zero as n tends to infinity. [Per Mr. E. S. Pondiczery.] 
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IMPRESSIONS OF SCHOOL MATHEMATICS 


IMPRESSIONS OF SCHOOL MATHEMATICS IN 
THE UNITED STATES. 


By F. J. Woop. 


I supPposE that most of us have some interest in the teaching of 
mathematics in other countries. I have recently returned from a 
year spent in the United States as visiting instructor in mathematics 
in a large preparatory school, a boarding school of seven hundred 
boys with a staff of about eighty-five men, twelve of whom form the 
mathematical department. (The term preparatory school as applied 
to an American school is roughly equivalent to our public school, the 
word preparatory being used in the sense that the school prepares 
its pupils for college.) 

About half of the boys take a four-year course, beginning at the 
age of fourteen, while the others come for a shorter period, a good 
many of them staying for one year only, to bridge the gap between 
high school and college (i.e. university). From the four-year boys 
two years of mathematics at least are required. 

It is evident from the various American publications on the 
subject that thoughts of coordinating the various branches of 
mathematics have been in the minds of American educationists for 
many years. Yet a most unsatisfactory breach between algebra, 
geometry and trigonometry still exists. It is no uncommon thing 
for boys to do a year’s course in algebra, then a year’s geometry, 
then back to algebra with a little trigonometry (but no geometry) in 
the third year. The custom of making the arithmetical addition 
of “ credits’ for courses taken the criterion for the award of a 
diploma (all preparatory schools and high schools issue their own 
diplomas) has been responsible for much of the unhappy disjointed- 
ness of the prevalent American curriculum. 

So far as external examinations are concerned, students preparing 
for college have up till now been able to take a separate examination 
in one branch of mathematics each year as they go along, or alter- 
natively to take a comprehensive examination at the end of their 
course. Now a new comprehensive type of examination has been 
introduced by the College Entrance Examination Board to replace 
all former types, whether separate or comprehensive. The purpose 
of the examinations of the board is to give evidence of a candidate’s 
fitness for college, and the new examination has been devised to 
separate out three classes of students—those who are not ready to 
carry on their mathematics at college but wish to present the subject 
as part of their entrance qualifications, those who can satisfy at 
least the minimum college requirements, and those who intend to 
do more advanced work in mathematics. Half the examination 
consists of short questions arranged in ascending order of difficulty 
and marked right or wrong, while the other half consists of longer 
questions. Space is left on the question papers to allow the answers 
to be written on them, and no question papers are allowed to be 
taken from the examination room or published, so that it will be 
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possible to make use of questions of high validity over again. A 
syllabus has been published, but not in any great detail, and it is 
hoped that teachers will feel free to guide their pupils in the way they 
think most desirable. It is not surprising that many of the teachers 
who have been spending their time in keeping rigidly to the old 
syllabus and in going over questions previously set in the old type 
of examination find themselves all at sea and condemn the new 
experiment wholeheartedly. The College Entrance Examination 
Board is having a difficult time. It is to be remembered, of course, 
that a college education is far more common in the United States 
than here in England. It is very unusual for a boy who graduates 
from a good preparatory school not to go on to college. 

Two more facts about the general educational system we must 
bear in mind. In the first place, American education is much more 
leisurely in its earlier stages than in England, so that our boys in 
general have got further on arrival at their public schools than their 
American cousins of the same age. Secondly, there is little or no 
specialisation at school, or indeed, in the first two years of the four- 
year college course, so that it is not to be expected that American 
boys will get so far in their mathematics while at school as our 
mathematical specialists do. It should be said in passing that while 
an American B.A.’s knowledge in his major subject will not be as 
extensive as it would be in this country, he will often stay on at this 
university to specialise for a master’s degree, and though he will then 
be older than the English B.A., he will have a knowledge of and an 
interest in other subjects which some of our over-specialised gradu- 
ates sadly need. 

Most of the school text-books in mathematics—particularly those 
in geometry—still show traces of the influence of Wentworth, who, 
in the matter of text-books, was to the United States of the late 
nineteenth century what Hall, Knight and Stevens were to us. The 
algebras seem to be progressing along the lines that ours have 
followed, though the examples are more stereotyped, and there are 
few that bring in geometrical knowledge. 

It is in the treatment of geometry that one finds the most inter- 
esting differences from our texts. After the Revolutionary War it 
was natural that British influence should wane. Teachers turned 
to French texts, notably Legendre’s Eléments de géometrie. Trans- 
lations were made early in the nineteenth century, and these held 
the market until the appearance of Wentworth’s Plane Geometry in 
1878. This swept the country, though its differences from the other 
texts were differences not so much of propositions and sequence as 
of clarity and page arrangement. 

Geometries published since Wentworth’s day seem to be conser- 
vative rather than otherwise. In many of them one still finds an 
insistence on pairing each statement in a proof with the appropriate 
reason, even if this reason is an axiom such as “ the halves of equals 
are equal to each other’. The first book is substantially the same 
as ours, and is followed by the work on the circle, which begins with 
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theorems on equal circles, arcs, chords and central angles, followed 
by a definition of the measurement of a central angle—A central 
angle is measured by its intercepted arc. Thus two of the most 
important of our theorems are written in the following form : 


(1) An angle inscribed in a circle is measured by one half its inter- 
cepted are. 


(2) An angle formed by a tangent and a chord drawn from the 
point of contact is measured by one half the intercepted arc. 


The proofs, of course, are the same as ours, and riders (or originals, 
as they are called) follow with the same basic ideas as we use, but 
with a different wording, and an occasional saving of construction 
lines. There follow two theorems which afford an interesting 
example of continuity, viz., 


(1) An angle formed by two chords intersecting within a circle 
is measured by one half the sum of the arc intercepted 
between its sides and the arc intercepted between the sides 
of its vertical angle. 


(2) An angle formed by two secants, a secant and a tangent, or 
two tangents intersecting outside a circle is measured by one 
half the difference of the intercepted arcs. 


But their application to riders is rather limited. 

There is in general little or no mention of converses of the main 
propositions on angles in a circle, so that little is done on concyclic 
points. After the treatment of the circle comes similarity, which 
precedes areas. Euclid’s proof of Pythagoras’ Theorem is usually 
relegated to an appendix. 

There is a fifth book devoted to the regular polygons, their 
mensuration, and that of the circle. It was in teaching this work 
that I came across a mathematical term I had never met before. 
I had got used to saying such things as “‘ zee ” for “ zed ”’, “‘ trape- 
zoid ” for “‘ trapezium ”’, “‘ factor ” for “‘ factorise ” and “ cor’ollary ” 
for “ coroll’ary ” (this took a little practice). The new word was 
apothem—the radius of the inscribed circle of a regular polygon. 

In solid geometry the course has been much more detailed and 
rigorous than we are used to, though it is now in process of being 
cut down. One finds in the text-books such theorems as: Through 
a point in a given line, one plane and only one can be drawn per- 
pendicular to the line, or: Through a given point in a given plane, 
one and only one perpendicular can be drawn to the plane. There are 
four books. The first deals with lines and planes, the second with 
polyhedra, the third with cylinders and cones, and the last with the 
sphere. In dealing with this subject I had to teach much that I had 
never taught before and I found the treatment of the second and 
third books rather difficult and unsatisfactory without any calculus 
to help it along. Work on the sphere and spherical triangles was 
interesting and useful, and might well find a place in our own 
mathematical curriculum. 
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I have made no mention of applied mathematics. The reason is 
that this subject is taught as a branch of physics, and the mathe- 
matician has nothing to do with it. The separation of mathematics 
and physics is rather disconcerting to a teacher from England, for 
owing to the choice that a boy can make in his courses, his advance 
in physics is not necessarily correlated with his mathematics, and in 
consequence any appeal to physical facts is likely to fail of its effect. 
But things are moving in this connection, though the course system, 
which is firmly established, will still prove an obstacle. Then too, 
the teaching of science in schools is of more recent growth than in 
England. 

To come now to the subject matter of the courses taught in my 
own school—sufficiently representative, I think, of what is being 
done in American preparatory schools. 

Arithmetic as such finds no place in the curriculum. The expecta- 
tion—somewhat optimistic—is that boys will know all about it. As 
a small point of some interest I may add that I found more than one 
boy multiplying by twelve, first by multiplying by two, then by ten, 
and adding the results! 

First year mathematics consists of algebra from the beginnings up 
to and including quadratics, with graphs, emphasising ideas of direct 
and inverse variation. In the third term an introduction to geo- 
metry runs concurrently with the algebra. This introduction was 
prepared by the mathematical department and is more formal than 
what we give our beginners, who start their geometry at a younger 
age, and brings in a good deal of Book I, with simple riders. 

In the second year, algebra is revised and carried on to include 
ratio, proportion and variation, with indices and logarithms. In 
geometry, Book I is completed, followed by similarity, which leads 
up to the introduction of trigonometry. The trigonometry done 
includes functions of angles of any magnitude and the sine and 
cosine rules. 

The third year course includes the circle with its mensuration 
derived from that of the regular polygon, the theory of quadratics, 
progressions, the Binomial Theorem and trigonometrical identities. 

In the fourth year, the detailed solution of the cubic is done, 
trigonometrical equations are solved and the formal solutions of 
triangles is effected. Plane geometry is revised and solid geometry 
is taken. 

Classes are arranged to make it possible for the best boys to do the 
four-year course in three, and then to take the special course which 
is accepted by the colleges as equivalent to a freshman course in 
mathematics. This special course consists of an analytical treat- 
ment of the conic sections with the calculus, including curvature on 
the differential side, and up to volumes and like applications in the 
integral calculus. 

Five hours a week are given to each of the first two courses and 
four hours to each of the others. Much more emphasis is placed on 
out-of-class preparation—the assignment—than in England. Each 
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hour involves about a hour’s preparation, and the boys are required 
to find out many things for themselves that we tend to spoon-feed 
to our pupils. The name “ recitation ” for a class is not so common 
as it used to be, nor is the method that it denoted—that of having 
pupils learn new work from the book out of class, and then “ recite ” 
it to the teacher in class. But I have watched this method at work, 
with the pupils standing all round the room writing up theorems or 
their solutions to particular problems on the blackboards which 
extend along the four walls. 

One thing that impressed me very favourably in my own school 
was the way in which the boys were given the opportunity of working 
out their times for study for themselves. Morning classes start at 
eight and continue until one, but no boy has more than three hours 
in class in one morning. The rest of the time is his own, and what 
preparation for classes he has to do is done unsupervised (unless he 
is one of the few sluggards), partly in the morning and partly in the 
evening. 

To sum up my impressions. It is quite clear that our boys get 
farther in their mathematics than American boys at school, and 
that the syllabus generally studied looks a little antiquated from an 
English point of view. I have already indicated, however, reasons 
why comparisons between the mathematical attainments of the 
school-leaving American preparatory school boy and the English 
public school boy tend to be particularly odious. We must re- 
member too that difficulties exist across the Atlantic which are un- 
known to us. I will instance two that quickly come to my mind— 
the enormous size of the country and the democratic idea of secon- 
dary (and even university) education for all. Yet there can be no 
doubt that the more thoughtful teachers are well aware of the 
deficiencies that exist and are doing their utmost to overcome them. 
I, for one, was fascinated with watching and doing a little to help 
on the changes that are being made. 

F. J. W. 


BUREAU FOR THE SOLUTION OF PROBLEMS 


This is under the direction of Mr. A. 8S. Gosset Tanner, M. A., 115, Radbourne 
Street, Derby, to whom all enquiries should be addressed, accompanied 
by a stamped and addressed envelope for the reply. Applicants, who must 
be members of the Mathematical Association, should wherever possible state 
the source of their problems and the names and authors of the text-books 
on the subject which they possess. As a general rule the questions submitted 
should not be beyond the standard of University Scholarship Examinations. 
Whenever questions from the Cambridge Mathematical Scholarship volumes 
are sent, it will not be necessary to copy out the question in full, but only 
to send the reference, i.e. volume, page, and number. The names of those 
sending the questions will not be published. 

The Secretary would be glad to receive any solutions that have not yet 
been returned. 
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HEIGHTS, DISTANCES AND DEFLECTIONS. 
By A. Buxton. 
I. HEIGHTS AND DISTANCES. 


1-0. Of all subjects which form part of a mathematical course, 
I believe that the average student feels most at home in his study 
of trigonometry. There are, however, certain applications which 
escape him and which are of interest. Amongst these are a well- 
defined group of problems in heights and distances. 

The more one considers the subject, the more one is impressed 
with the historical importance of heights and distances in the 
development of trigonometry. The work of Ahmes, the astro- 
nomical investigations of Hipparchus (160 B.c.), the work of Ptolemy 
and the Hindus and Arabs are all connected with elementary pro- 
blems of this nature. According to Gunther, the Merton College 
School, including Richard of Wallingford, continued the develop- 
ment of trigonometry as a branch of mathematics and not merely 
asanaid toastronomy. They used instruments such as the astrolabe, 
speculum and rectangulus for measuring heights. 


€---- B----7- 
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Fia. 1. Fia. 2. 


These were measured from the formulae 
(Fig. 1) h=d tana (given d, «) ; 
(Fig. 2) h=ad/B (given d, «, B). 

From the modern aspect, heights and distances are generally 
determined on the long or short base principle. Here observations 
are taken from two points A, B along a known base line AB on to 
a point P in space. 

1-1. Taking AB as horizontal, the simplest case is when P, A, B 
are in one vertical plane as drawn in Fig. 3. 

In Fig. 4 we have a scale diagram of Fig. 3; ab represents AB 
to scale, the triangle pab represents the triangle PAB, pn=h, 
PN =H. Let an=z2 and bn=z2’, then from similar triangles 

H:h=AB:ab=AB: (x+2’), 
that is, the height of P is H=AB.h/(x +2’). 
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This result corresponds to the usual formula in trigonometry 
H =AB/(cot «+ cot where «= 2PAN, B= 2 PBN. 


90° 


N B a nb 


Fic. 3. 4. 


1-2. The more general case occurs when P, A, B are not in the 
same vertical plane. Here we may use the roof principle (Fig. 5). 


Fic. 5. 


Inclined planes now revolve about horizontal lines A.A’ and BB’ 
(each perpendicular to the horizontal line AB) until they each pass 
through P. The line of intersection of the two inclined planes is 
also horizontal, so that P has the same vertical height as any point 
on the line PF, that is, it has the same height as F. The problem 
is now the same as that in I-1. The height of P is 


AB +2’) 
where h, x, x’ are the corresponding scale measurements as in Fig. 4. 


1-3. The same problem can be considered as follows : 

In the perspective diagram (Fig. 6), consider points O, O, each at 
a distance h vertically above A, B respectively. Let yOO,y, be a 
horizontal plane through O, O,, with Oy, O,y, at right angles to 00,. 
Let AP and BP meet this horizontal plane in the points m, m’, and 
let M be the projection of P on to this horizontal plane. MN, mn, 
m’n’ are parallel to Oy and O,y,. 

If H is the height of P above the horizontal plane containing AB, 
PM =H -h. 

Om: mM =h : (H 

and Om: OM =h: H. 
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By similar triangles 
On: ON =Om:OM =h: H, 
and similarly On’ : OLN =h: H. 
Thus h: H =(On+O,n’) : (ON +O,N) =(On +O,n’): AB, 
H- AB.h AB.h 


On+O,n’ 


where On =2, O,n’ =2’. 

This formula is rather important as it gives the formula for the 
height in cases I-1, I-2, 1-3. 

The distance or range from A to P is given by 


R=AB. Am/(x +2’). 
A useful check formula can be obtained from the ratios 
h:H=On:ON=mn: MN, 
h: H=On’:0O,N =m'n’: MN, 
whence mn: MN=m’n’: MN or mn=m'n’, 
that is, m, m’ are at the same distance from O0,. 


Pp 


Fia. 6. 


1:31. Displacement of O, along O,y,. 

Let O, be displaced to a point O,’ along the y-axis and a new 
x’-axis O,’x’ taken parallel to the old OO,. The formula for height 
is unaltered except that AB is replaced by its projection in the 
direction OO,. If the displacement O,0,'=K, mn-m’n’ = Kh/H, 
since K is reduced to Kh/H in the scale diagram. For a known 
height this formula will tell us how much the two (parallel) base 
lines set by compass are out of line. 


1-32. Difference of level. 
Let O, be lowered a distance d below its original position to O,”. 
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As before, OLN = H2' |h =(H +d) x" /h; 
x H+d d 
at is 1 
To P 
ToP 
7. 


Let mn =y, m’n’ =y’. 


that is, 
Hence 


MN/mn=H|h, =(H +4)/h, 
y¥/y=H|(H+d) or =a" 
H =AB .hj(x +2’) 


=AB. hy’ /(xy’ +2''y), 


where 2, y, y’, x” are measured as before. 
1-33. Displacement of A and B. 


If we make nm fixed, say as the y-axis, we can move A along a 
line parallel to OO, (Fig. 6) and a distance h below it until A, m 
and P are in line. Similarly at the end B; 2 and 2’ are read off 


and the height obtained from the usual formula 


H=AB .hj/(x+2’). 


1-34. The rotation of the axes at O. 


If we turn the axes at O through an angle 0, the coordinates of 
m are (2%, Yo). These will need correction. In Fig. 8, 


mL =mK +KL 
=mK+VM 
=Yo COS sin 8, 
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OL =OM -LM 
=OM -KV 
=2y cos — yy sin ; 


Fia. 8. 


that is, the corrected coordinates are 
(2% cos yp sin 8, sin 6 + cos 4). 


These must be used with the appropriate formulae. This correction 
will enable us to observe from three stations at the vertices of a 
triangle ; the third station can be used as an independent check on 
the accuracy of the other two. 

1-35. Small errors. 

If small errors 3a, 52’ occur in the marking of the coordinates x 
and x’, then the consequent error in H, 5H is given by 


8H = -AB.h. (8x +82’)/(x +2’)? 
AB . h(8x +82’) 
AB? . h?/H? 
= — H? (dx +82’)/AB 

Similarly we can calculate the error in the range R. 

1-4. Short-base principle. 

There are many interesting practical devices for solving these 
problems mechanically and electrically. No treatment of the deter- 
mination of distances or ranges would be complete without mention 
of the short-base instruments, such as the Barr and Stroud range- 
finder. 


In Fig. 9 we have the same idea as in Fig. 2 and R=6bf/d. The 
rangefinder depends on the accuracy with which it can measure the 
small distance d. This is done by optical prism systems and the 
range R is determined. H is now obtained in the rangefinder from 
the formula H=Rsin6@. Since log H=log R+logsin 6, if one 
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sliding part moves proportionally to log R and the other in the same 
proportion to log sin 6, log H and therefore H can be recorded. 
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II. DEFLECTIONS. 


II-1. Consider now the displacement of a given point P, in space 
to a position P,. 


P, 


An 


M 

- A; | 

A U N 
10. 


In the first place, assume that the displacement is a straight-line 
displacement and that the height is unchanged, that is, P,P, is 
horizontal. Let O be at the same height H vertically above A and 
let P,P, make an angle « with the line OP, (Fig. 10). Let M, N 
be the projections of P,, P, on the horizontal plane through A. 
Let us consider the changes in the angles of elevation and bearing 
due to the displacement. These changes may be called deflections. 
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If @ is the angle of elevation to P, and ¢ that to P,, @~¢ is the 
change in elevation. 

A, is the change in bearing measured in the horizontal plane and 
is the angle MAN or P,OP,. Let P,P,=S=MN, and let MU be 
perpendicular to AN. 

Then tan A, =MU/AU =MU/|(AN - NU) 

=(S sin «)/(H cot @—S cos «). 

If S, «, H and 6 are known, this formula gives A,. The vertical 
planes AP,N and AP,M are therefore defined, say planes I and II, 
Ap,n and.Ap,m in Fig. 11. 


Zr 


Fia. 11. 


There are several ways of bringing the direction Ap, back into 
the direction Ap, and vice versa. The simplest way of bringing Ap, 
into the direction Ap, is to revolve the plane I through the angle 
A,, bringing Ap, into the plane II, and then rotate Ap, in this 
position through an angle ¢ —@ into the position Ap,. This operation 
is reversible, for we can depress Ap, through ¢ — 6 and then turn back 
through A,, or we can rotate through A, first and depress through 
¢-—9 afterwards. The last two operations are clearly interchange- 
able, since the elevation of Ap, or Ap, is unaltered by the rotation 
through A,. We are in effect revolving about the vertical axis Az, 
in which case the elevations are unchanged. 

If, however, we revolve about any other axis but the vertical one 
Az, then the elevations of the lines will alter as we move from plane I 


Fia. 12. Fig. 13. 
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to plane II. The operations will no longer be reversible or inter- 
changeable. 

In Fig. 12 the axis of the cone is vertical and all generators will 
have the same inclination to the horizontal, but in Fig. 13 the axis 
of the cone is no longer vertical, so that the generators will have 
different elevations. 

II-2. To illustrate, let us revolve about an axis in plane II, AL, 
perpendicular to Ap, until Ap, takes up the position Ap, in plane I. 
In the spherical triangle Lzp, (Fig. 14), 


14. 
Lzp, =180° — A,, 
Lz=4¢, 
zp3=90°-0, (Lp,An=8,), 
Ip, =90°. 


Using the “ sine ” formula, 


or 


sin A,/sin 90° =sin A,/cos 


and also the ‘‘ cosine ’”’ formula, 


sin 6, =cos ¢ cos 90° + sin ¢ sin 90° cos A,, 


we have from (1) A, < A,, 
and from (2) 


From (2) sin? 0, =sin? ¢ (1 —sin? A;) 


that is, 


=sin? ¢ (1 —sin® A, cos? 
=sin? ¢ (1 —sin® A, +sin? A, sin? 
sin? 6, =sin? ¢ cos? A,/(1 —sin? ¢ sin? A,), 


giving 6, if ¢ and A, are known. A, can now be obtained from 
either (1) or (2). Hence rotating about the axis AL laterally until 
Ap, is brought into plane I, we have to rotate through an angle 


6,-@ in this plane to bring the line into the position Ap,. 
21 
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II-3. If, however, we start with Ap, and rotate about an axis 
AK (in plane I, perpendicular to Ap,) until Ap, is brought into 


Fig. 15. 


plane II in the position Ap,, then, as before, we have in the spherical 
triangle Kzp, : 
Kz=0, Kp,=90°, zp, =90° 4). 
The sine rule gives 
sin A ,’/cos ¢, =sin A,/sin 90°, 


where A,’ is the angle between the planes KAp, and Kzp,. 


Similarly the cosine rule gives 


These two formulae, as before, give A,’ and ¢,. Hence, rotating 
about AK, the line Ap, is rotated through A,’, bringing it into 
plane II and then through ¢-4¢, vertically. If A;=A,’, com- 
paring (1) and (3), 0,=¢,, and from (2) and (4), 6=¢, which is 
impossible. Hence the two movements or systems of movements 
are not reversible nor are they interchangeable. The deflections are 
therefore different for the two cases, notwithstanding the fact that 
the initial and final positions (Ap, and Ap,) are the same. 

In II-2 the vertical movement in plane II might have preceded 
the lateral movement to plane I, and in II-3 the vertical movement 
in plane I might have preceded the lateral movement to plane II 
also. 

In all these four cases the corresponding deflections vertically and 
laterally are different. 


II-4. Finally, let us adopt the method of II-2 (Fig. 14), except 
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that we take the axis AZ making an angle y% with Ap, instead of 
90°. If we now have A,, instead of A; and @, instead of 6,, then 


sin A ;,/cos 6, =sin A,/sin ; 

that is, sin A ,, sin =SiN Aj COS Og, (5) 
and sin 6, =sin cos — sin cos + 8) cos A jy. (6) 

From (5) and (6) we can eliminate 6, and obtain a quadratic in 
cos A,;,. Having determined A,, we can then obtain 0,; 0,—@ is 
therefore the remaining vertical deflection to be applied in plane I 
to bring Ap, eventually into the position Ap,. From these con- 
siderations it is clear that the rotation for the lateral movement 
about the vertical axis as described in II-1 is the most satisfactory. 


II-5. We will now discuss one of these five cases without the 
aid of spherical trigonometry. In Fig. 10, P,Q is a line on the 
horizontal plane OP,P, and is perpendicular to OP,. We move 
from AP, to AP, 


(1) by a depression in the vertical plane AP,M through the angle 
P 


(2) by a rotation of AQ about an axis perpendicular to AQ lying 

on the vertical plane AOQ, from AQ to AP,. 

Now P,Q is horizontal and perpendicular to OP,, and therefore 
to the vertical plane AP,M, and consequently to any line, such as 
AQ, in that plane. Similarly, the axis of rotation for the lateral 
movement as well as being at right angles to AQ will be at right 
angles to the plane AP,Q and therefore the lateral deflection will 
be from AQ to AP,, that is, the angle P,AQ(=A,’, say). Let the 
vertical deflection 

LP,AQ =e. 


From the triangle AMN, 
AM/sin « = MN/sin A, =S/sin A,, 


that is, AM sin A, =S sin a, 
Further tan A,’ =P,Q/AQ =OP, sin A,/H cosec (¢ 
Now OP,=AN =AU+UN 
=AM cos A, +S cos « 
=H cot ¢ cos A, +S cos « ; 


that is, tan A,’ =sin sin Ay { cot $ cos Ay +7 008 2} .--(8) 


Also OQ =H cot (¢ -«) =OP, cos A, 
=H cot ¢ cos? A, +S cos COS Aj. (9) 
From (7) sin A, =S sin «/H cot ¢ 
and cos A, =,/(1 —sin? A,), 
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so that expanding and substituting for cos A, we can solve for tan e. 
In (8) writing sin as 
= 1/cosec (¢ = 1/,/{1 + cot? (¢ —«)}, 

and using (9) and also substituting for sin A,, cos A,, we can obtain 
tan A,’. Thus we have now tan « and tan A,’ in terms of a, S, H, ¢. 

These formulae are exact but rather cumbersome, so that some 
attempt at approximations should be made, for, as Littlewood says, 
“* Few mathematicians can resist striking numerical approximations 
even in a trivial context’’. 


II-6. Before doing the approximations, however, let us express 
the quantities « and A,’ in terms of «, S, H and @. In Fig. 10 


sin A, =P,Q/OP, =P,Q/AN, 
sin A,’ = P,Q/AP,, 
that is, sin A,’ =sin A, . (AN/AP,) =sin A, cos 0; 
as in II-1, tan A, =S sin «/(H cot @-S cos «), 
that is, sin A,’ =cos @. S sin «/,/(H? cot? @ +S? —-2SH cot cos a) 
(S/H) sin « sin @ 
~ — 2 (S/H) tan 6 cos « + (S/H)? tan? 6} 
OQ =H cot (¢ -e) 


(10) 


and OQ =OP, cos A, =AN cos A, 

=H cot @ cos A, ; 
that is, cot —«) =cot cos A,, 
or (cot ¢ cot + 1)/(cot — cot ¢) =cot cos A, ; 


that is, cot (cot — cot cos A,) = — 1 —cot 6 cot cos 
or tan « =(cot @ cos A, —cot ¢)/(1 + cot @ cot ¢ cos A,). 
From (7) cot ¢ =S sin «/H sin A, 
S sing S 
or tan =(cot cos Ay ee) +A cot 6 cot A, sin a). 
Eliminating sin A, and cos A, as in (10) and reducing, 
(S/H) cos « — (S/H)? tan 6} sin? @ 
where K =,/{1 —2(S/H) tan 0 cos « + (S/H)? tan? 9}. 


Formulae (10) and (11) give A,’ and e in terms of S, H, 8, «. 
If S/H is small so that (S/H) and higher powers of S/H may be 
neglected, (10) becomes 


sin A,’ =(S/H) sin « sin 6 {1 + (S/H) tan @ cos a} 
and (11) becomes 
tan « =(S/H) cos « sin? 6 
x {1 — (S/H)[tan @ sec « — cos sin cos — cos tan 
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If «=0, (11) gives 
tan =(S/H) 0/{1 — (S/H) cos @ sin 9}, 


| which might be proved independently as follows : 


in | 


ne 


x) 
(10) 


an 


ze-----r---- 


Fia. 16. 


In Fig. 16, tan e=P,U/AU 
=P,U|(AP, 
=8 sin 6/(H cosec 8 cos @) 
___(8/H) sin? 
1 — (S/H) cos @ sin 6° 


If we express A; and « in terms of «, ¢, S, H, the approximations 
might be taken as 


tan A,’ =(S/H) sin « sin ¢ {1 + (S/H) sin ¢ cos a}, 
tan e =(S/H) sin? ¢ {cos « — (S/H) cos? « cos ¢ sin d 
— (S/H) sin? « tan ¢$}, 
and if the lateral deflections are worked in azimuth or obtained by 
a rotation about a constant vertical axis, the corresponding results 
to the same degree of approximation are 
tan A, =(S/H) sin « tan 6 {1 + (S/H) cos « tan 9}, 
tan = (S/H) cos « sin? @ {1 + (S/H) cos « sin cos 6}. 
II-7. We may regard the displacement S as described by a particle 
moving with constant velocity u feet per second for a time ¢ seconds ; 


then S=ut. Let w4, w,, w, be the angular velocities at P, in the 
horizontal, vertical and inclined planes respectively. 


=u sin «/AN =u sin «/H cot 6, 
W, =u cos « sin 6/AP, =u cos « sin? 6/H, 


w, =u sin a/H cosec 6, 
that is, 


wat =S sin « tan 6/H, 
=S cos « 6/H, 
wt =S sin « sin 6/H. 
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Then (10) becomes 


242 


and (11) becomes 
tan ={w,t cosec? 6 — cot — w,7t? tan cosec* 6} 


+ wart} 


sin 8 cos 6 


= cosect — w,t cot aa/{(1 


These formulae involve the angular velocities and elevation at P, 
only, and the only quantity connecting P, with P, is t. If the 
position P, is associated with a value t, of t and P, with t,, we might 
assume a sort of mean value of ¢, for the above formulae : 


t, =t(1 —2w,t cot 6). 
We can now calculate A,’ and e« for different values of 6, ¢ and 
the angular velocities w,, w4, w,, and make the necessary numerical 


approximations. 
The case of II-]1 is much simpler, for there we have 


wt | 
tan Ay=wat [{1- 


and cot ¢ =cot 0. wat/sin A, gives ¢. 


The vertical deflection here is ¢~0@. 

The problem of the straight-line displacement of P, has now to be 
extended to the case when the height is no longer assumed to be 
constant. Then there are the cases where P, can move along a given 
curve in two dimensions or along a surface in three dimensions. So 
far as I know these cases have not yet been worked out in detail. 


1224. APPLIED MaTHEMATICS IN 1482, according to Victor silanes ta the 
opening chapter of Notre-Dame de Paris, a student, Jehan Frollo du Moulin, 
is seen perched on the capital of a pillar in the crowded Palais de Justice, 
amusing himself by shouting rude remarks at the respectable citizens at its 
foot. At last one of them loses patience : 

** Que le diable vous emporte!”’ grommela maitre Andry Musnier. 

“* Maitre Andry ”, reprit Jehan, toujours pendu 4 son chapiteau, “ tais-toi, 
ou je te tombe sur la téte! ” 

Maitre Andry leva les yeux, parut mesurer un instant la hauteur du pilier, 
la pesanteur du drdéle, multiplia mentalement cette pesanteur par le carré de 
la vitesse, et se tut.—V. Hugo, Notre-Dame de Paris, Book I, chapter 1. [Per 
Mr. J. T. Cambridge. ] 

1225. The physicist in preparing for his work needs three things, mathe- 
matics, mathematics, and mathematics.—Wilhelm Conrad Roentgen. [Per 
Mr. E. B. Escott.| 
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CONICS AND CUBICS 


CONICS AND CUBICS. 
By H. G. Forper. 


I aM sorry that Professor Watson (this volume, p. 261) has been so 
puzzled by the last sentence in a recent note of mine: ‘ Query! 
What is the envelope of the principal axes of conics touching any 
four lines?’ By “ Query ” I did not mean that I was delivering 
a seventeenth-century challenge to the learned world, but that I 
should be interested to see a really elementary investigation, pro- 
vided it was short, though I was disinclined to seek one myself. 
For from a slightly higher standpoint the question is very simple. 
Consider the envelope of lines perpendicular to their conjugates with 
respect to all conics of a pencil of conic envelopes touching four 
lines. If 2, X,, not confocal, be conics of the pencil, and 2 be 
the degenerate conic envelope constituted by the circular points, 
and if 1,, 1, be lines satisfying the condition, then in the notation 
of matrices or bilinear forms: 1,2,/,=0, 1,2,J,=0, 1,Q1,=0, the 
last equation being the condition for perpendicularity. Hence, 
eliminating /, from these independent equations, we have, in the 
notation of outer products or determinants: [1,2, . 1,2, . 1,Q]=0. 
Thus J, satisfies 


a cubic envelope. Also /, satisfies the same equation. The line at 
infinity, say 1, , satisfies the equation, since 1,,2=0. 

Now /,, 1, are conjugate for all conics of the pencil 2,+k2, and 
for all confocals of any of these conics, since our conditions give 
1, (2, +k2,+k’2)1,=0; that is, l,, 1, are conjugate for all conic 
envelopes of the net 


Hence (i) is the envelope of pairs of lines conjugate for all conics 
of this net. And just as the envelope included the line at infinity 
because it joined the points 2 which are a degenerate conic of the 
net, so also it includes the lines which join a point-pair constituting 
any degenerate conic of the net, in particular the join of two associate 
foci of 2,+k2,. But such joins are the principal axes of 2, +25, 
and so (i) is the envelope of the principal axes of the conics of this 
pencil. Any proof by the methods of areal or other homogeneous 
coordinates will be a version of this proof, in a less appropriate but 
more usual and decorative symbolism. 

The last statement in Watson’s paper is misleading. The envelope 
of the principal axes of conics through the vertices of a cyclic quadri- 
lateral is not a parabola in the usual sense, but a point-pair on the 
line at infinity, 1,,, a degenerate parabola, if you will. For these 
axes are of course equally inclined to opposite sides of the quadri- 
lateral, and thus form two sets of parallel lines. The equation for 
the “ parabola ”’, given by Watson, factorises. 

I take this opportunity of pressing the claims of the methods of 
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direct analytic geometry used in the above proof. Definite algebraic 
rules can be given for working in this field, and yet the argument 
is usually easily translatable into pure geometry. 

The following instances of cubic loci and envelopes which appear 
in the study of conics may be of interest. The proof of most of 
them is immediate. If in (i) we replace 2 by any conic envelope, 
we have the cubic envelope of pairs of lines conjugate for all 
conic envelopes of a general net 2, +k2Y,+k’X,; this envelope is the 
Jacobian of the net. Dually the locus of pairs of points conjugate 
for all conic loci of a net S,+kS,+k’S, isa cubic locus, the Jacobian 
of the net. The first net is given by three independent point-pairs, 
the second by three independent line-pairs. 

The conics apolar to conics of net (ii) form a net of conic loci, 
each out-polar to all conics of (ii) ; these conics, being apolar to Q, 
are rectangular hyperbolas. There is a cubic locus C of which these 
rectangular hyperbolas are polar conics, its Hessian is the locus of 
pairs of points conjugate for all these rectangular hyperbolas, that 
is, the locus of point-pairs constituting degenerate conics of net (ii), 
the locus of the foci of conics of pencil 2,+k2,. This locus goes 
through the circular points. The Cayleyan of S, the envelope of 
lines joining corresponding pairs on the Hessian, is our envelope (i) ; 
it is the envelope of line-pairs constituting degenerate conics in our 
net of rectangular hyperbolas ; in particular, amongst such line- 
pairs are the pairs of bisectors of angles at the vertices of the four 
lines touching the pencil 2, +42,, a side and corresponding altitude 
of the diagonal triangle of this quadrilateral, and the line-pair con- 
sisting of /,, and the line /, of centres of the pencil. The Hessian 
is the locus of the double points of such line-pairs. A principal axis 
of a conic of pencil 2,+2, is one line of such a line-pair. 

If one line of our quadrilateral is l,, leaving a finite triangle, 
then 2, +k, becomes a pencil of parabolic envelopes, the Cayleyan 
touches 1, a second time, the two points of contact being the 
circular points ; it is hence a tricusp hypocycloid, and is the envelope 
of the axes of the parabolas touching the sides of the triangle. The 
Hessian (locus of foci) is the circumcircle and 1,,. 

The envelope of asymptotes of a pencil of conic loci is a cubic 
envelope bitangent to /,, ; if the four base points are orthocentric 
and the conics hence rectangular hyperbolas, the points of contact 
with 1, are the circular points, and the envelope is that of the 
Simson lines, a tricusp hypocycloid. 

If a point-pair of the net (ii) is a repeated point, the pencil 2, + k2, 
contains a circle, the Hessian has a double point at its centre, the 
tangents at this point being perpendicular, and the Cayleyan is l,, 
and a parabola. This is the special case before treated. 

If we have any three conic loci in general position, their cuts in 
pairs give three complete quadrangles whose sides touch the Cay- 
leyan of the net given by the three conics. From this it follows 
that if three triangles be circumscribed to a conic, the three conics 
round the three pairs of these triangles have a common point. From 
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this, as well as from all the above theorems, a wealth of special 
results can be deduced. 

Finally, an interesting paper by Marchand (Nouv. Ann. (6) 2, 
1927, p. 320) connects this with Steiner’s theorems on incentres and 
ecentres (this volume, p. 79). There are three cubics of which the 
envelope (i) is the Cayleyan ; in other words, there are three nets 
of conic loci such that (i) is the Jacobian of the apolar net. Among 
these conic loci is a line-pair from each of the circular points J, J, 
and these pairs together with (/,,/,,) determine the net of rect- 
angular hyperbolas. Let the lines through J be PQ’, IP’Q, those 
through J be JPQ, JP’Q’, then the three nets of conics are given 
by (Jo, /,,) and the three pairs of pairs which can be chosen from 
IP, IP’, JP, JP’. In one of the new nets appear all conics of pencil 
through PP’IJ, in the other all those through QQ’IJ ; but these 
are orthogonal systems of coaxal circles. The lines of centres are 
PP’, QQ’, and by an elementary property of our cubics they meet 
in a point conjugate to the point at infinity on J), that is, in the 
focus of the parabola of our pencil 2,+k2,, and the same property 
shows that these pencils of circles contain the Steiner circles through 
the incentres and ecentres of the triangles formed by the four lines 
touching 2, +k2,. H. G. Forper. 


1226. . . . whatever you calculate in Yorkshire may be repeated by a cal- 
culator here for certainty. We are all so prone to error in calculations of this 
nature that no single hand is to be relied on.—In a letter, 1705, Mar. 6, from 
Flamsteed to Abr. Sharp. Life and Correspondence of Abr. Sharp, p. 83. 
William Cudworth (1889, Bradford). [Per Mr. Frank Robbins. ] 


1227. . . . being sufficiently conscious of my own frailty and propensity to 
mistakes . . . I never durst suffer anything of consequence to pass out of my 
hands without a proof, if it was capable thereof . ..—Extract from a letter, 
Abr. Sharp to Flamsteed, 1705, Oct. 1. Life and Correspondence of Abr. Sharp, 
p- 87. William Cudworth (1889, Bradford). [Per Mr. Frank Robbins. ] 


1228. “ To observe all night is to calculate all day.”—Trans. Roy. Soc., 
Obituary, Airy, p. v, vol. 51, for 1892. 
Plana remarks : 
Quelquefois ces calculs me font presque perdre la téte. _‘P. xix. 
[Per Mr. Frank Robbins. ] 


1229. “Tout ce qui peut abréger la tache du calculateur doit donc étre 
accueilli avec gratitude.” —Supplément Logarithmique, par Leonelli. Deuxiéme 
ition. Paris, 1875. From p. viii of Notice sur Zecchini Leonelli, par T. Hoiiel. 
[Per Mr. Frank Robbins.] 


1230. But in that word “ exactly ’ what snares and pitfalls lie hid! It is so 
easy to think and to say; so indefinitely hard to realise.—Agnes M. Clerke, 
History of Astronomy, p. 273, 2nd ed. (1887). [Per Mr. Frank Robbins. ] 


1231. In computing, nothing is gained by undue haste, and much may be 
lost.—Adapted from Sir Oliver Lodge. [Per Mr. Frank Robbins.] 
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EDINBURGH MATHEMATICAL SOCIETY : 
ST. ANDREWS COLLOQUIUM 


Tuts Colloquium, held at St. Andrews from July 4 to 15, was in 
every way as successful as its quadrennial predecessors. A hundred 
and ten persons attended, including about twenty wives and 
daughters of mathematicians ; including also twenty-one professors 
of mathematics from the universities of Great Britain, Eire, France, 
Holland, Denmark, and the United States. 

Halfway through, a professor was heard to boast that he had 
“talked no mathematics so far”’; on the other hand, many mem- 
bers of the Colloquium found it a grand opportunity for talking 
fruitful shop. The arrangement of the timetable encouraged the 
morning coffee habit ; so the café gardens of the town, and in lesser 
concentration the roads and walks about the place, were the scene 
of much deep talk on the foundations of probability, theories of the 
universe, and the personalities of mathematicians. 

The Colloquium associated itself in various ways with the name 
of James Gregory, born 300 years ago, who held in succession the 
Chairs of Mathematics in the Universities of St. Andrews and Edin- 
burgh. The opening meeting on July 4 was held in Edinburgh in 
conjunction with the James Gregory Tercentenary Meeting of the 
Royal Society of Edinburgh. Two events of this meeting may be 
recorded here: the presentation to the R.S.E. of the portrait of its 
President, Sir D’Arcy W. Thompson, painted by Mr. David 8. Ewart, 
A.R.S.A.; and the presentation to Professor H. 8. Ruse of the 
Society’s ‘‘ Keith Prize” for his work on the geometry of Dirac’s 
equations. 

Next day the University of St. Andrews marked Gregory’s ter- 
centenary by conferring the Honorary Degree of LL.D. on five dis- 
tinguished mathematicians, members of the Colloquium being 
invited to the celebrations. The graduands were Professor G. D. 
Birkhoff (Harvard), Professor A. W. Conway (Dublin), Professor 
Otto Neugebauer (Copenhagen), Professor R. Weitzenbéck (Amster- 
dam), and in absentia Professor V. Volterra (Rome). The ceremony 
took place in the University Library, where Gregory used to work ; 
here also some MSS., instruments and other relics of Gregory were 
exhibited. 

Professor H. W. Turnbull, Gregory’s present successor as Regius 
Professor of Mathematics at St. Andrews, lectured on these two 
occasions, and again in the course of the Colloquium, on Gregory’s 
life and work, and especially on his many unpublished discoveries. 
Professor Turnbull has made an exhaustive study of Gregory’s 
MSS. and proved that he should rank with Barrow, Newton and 
Leibniz as a founder of the Calculus. 

Of the four main courses of lectures, two were on subjects of pure 
mathematics. Professor G. D. Birkhoff lectured on ‘“ Analytic 
Deformations and Auto-equivalent Functions ”’, and Dr. A. C. Aitken 
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on “ Invariant Matrices and the Symmetric Group”. An analytic 
deformation of a function f(x) in the neighbourhood of x= means 
replacing the independent variable by an anaiytic function of itself, 
x’ =¢(x), which has a simple pole at 8. All such deformations form 
a group. The function z* has the property of being multiplied by 
a function which is analytic and non-zero at » when any deforma- 
tion of the group is applied. Other functions, such as J"(x), have 
this property only for a smaller group of deformations ; in this case 
=a2+any integer. Such functions are auto-equivalent, and Pro- 
fessor Birkhoff classifies them into eight types according to the de- 
fining group. The theory, which promises to unify much of modern 
analysis in one comprehensive sweep, is to be published by the 
Institut Henri Poincaré. Unification was also an achievement of 
Dr. Aitken’s course on algebra, which led through symmetric func- 
tions, finite groups, determinants and permanents, Young’s standard 
tableaux, and Schur’s invariant matrices to the foreshadowing of a 
master theorem which would combine them all. 

On the side of applied mathematics, Professor E. T. Whittaker 
gave five lectures on ‘‘ The Interactions between the Elementary 
Particles of the Universe”. The modern picture of these particles 
differs immensely from the classical views of Newton and Maxwell. 
Professor Whittaker covered this immensity, and described the 
stages in which the transformation took place, through relativity, 
the early quantum theory and its developments up to the latest 
speculations on heavy electrons and cosmic rays. 

The fourth main course was entitled ‘“‘ Aspects of Mathematical 
Biology’. Dr. W. O. Kermack discussed the integral equations 
which arise in the mathematics of population growth and of epi- 
demiology. Dr. I. M. H. Etherington surveyed Volterra’s mathe- 
matical theory of the struggle for life and its analogies in classical 
dynamics. It was impossible not to admire Dr. Kermack’s masterful 
exposition of his complicated subject matter, aided by lantern 
slides displaying his formulae but without the gift of sight. 

Professor M. Fréchet lectured and introduced a discussion on the 
various definitions of probability. He sketched the views of Laplace, 
de Mises, Wald and others, and described in more detail the “‘ moder- 
nised classical definition ’’ of Neymann and Kolmogoroff. The 
discussion was noteworthy for Professor Whittaker’s vigorous 
defence of the classical (Laplace’s) point of view against all comers. 

Mr. George Lawson, the President of the Edinburgh Mathematical 
Society and Chairman of the Colloquium, addressed himself mainly 
to school teachers, who formed a not inconsiderable proportion of 
the membership. Mr. Lawson regretted the lack of sincerity in much 
modern teaching, and urged the importance in teaching algebra of 
noticing its formal aspect : “‘ algebra is the study of the forms in 
which numbers cooperate ”’. 

Professor Otto Neugebauer entertained us for half an hour on the 
subject of Babylonian astronomy, and on the differences between 
Babylonian and Egyptian science. 
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Finally, I must not forget to mention Professor Birkhoff’s fourth 
lecture, which was not on auto-equivalent functions but on ‘“‘ The 
Mathematical Theory of Art’. He claims to have found a formula 
for the aesthetic value of any work of art in its formal aspects, and 
to have devised rules by which it can be applied with demonstrable 
success in certain cases of special simplicity. The theory, which is 
little known on this side of the Atlantic, was received by a crowded 
audience with much interest and a certain scepticism. 

Our hosts, Professor and Mrs. Turnbull, entertained us and many 
visitors at a reception one musical evening ; and many less formal 
moments musicaux occurred. An incomparable five minutes from 
Sir D’Arcy Thompson, illustrated with geometrical models, happened 
unheralded but much applauded in the middle of one informal 
concert. A bald mention of golf, tennis, rounders, dancing, chess, 
and an excursion to the Highlands must conclude this account. 

I. M. H. E. 


1232. The night was very wild and dark. A heavy curtain of cloud hid from 
sight such stars as could have been seen from this segment of earth and at that 
season : and the moon at the moment was silvering antipodean seas.—Norman 
Davey, The Pilgrim of a Smile (Penguin edition, p. 20). [Per Professor E. H. 
Neville. 


1233. The Recorder (Mr. Gerald Dodson) said the fraud was of a dangerous 
ingenuity. “ Sometimes ”’, he said, ‘‘ I am asked not to pass a sentence on a 
man because he is not very clever, and sometimes because he has a kink. Now 
I am being urged not to punish you because you suffer from a liking for permu- 
tations and combinations. I am asked to think that a man who may be a 
master of the binomial theorem is to be pitied more than anyone who knows 
nothing about it.”—Times, May 4, 1938. [Per Mr. H. Zeitlinger; Mr. W. J. 
Langford ; Mr. R. H. Walton.] We recall that Professor Moriarty “ wrote a 
treatise upon the Binomial Theorem, which has had a European vogue ” and 
was also “ the celebrated author of The Dynamics of an Asteroid”. 


1234. “ They say that a mathematician 
Once fell to such a passion 
For X and Y, he locked 
His door to keep outside 
Whatever might distract 
Him from his heavenly bride : 
And presently died 
In the keenest of blisses 
With a dozen untasted dishes 
Outside his door.” 


—Cecil Day Lewis, Transitional Poem. [Per Mr. R. S. G. Rutherford. ] 


1235. I] serait trés intéressant de construire l’arbre généalogique de chaque 
théorie mathématique: dans 90% des cas, j’en suis sir, on trouverait une 
souche de race algébrique. L’Algébre est l’Eve, peut-étre quelquefois sans 
Adam. La difficulté principale de la formation de ces arbres, c’est que les 
mariages entre parents sont nombreux et le cas de polygamie trés fréquent.— 
F. Severi, Address at the International Mathematical Congress, Zurich. [Per 
Professor A. Narasinga Rao, Annamalainagar. | 
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CORRESPONDENCE. 
HISTORICAL NOTE ON HEAVISIDE’S OPERATIONAL METHOD. 
To the Editor of the Mathematical Gazette. 


Str,—I feel that one passage in the Note by Dr. N. W. McLachlan in the 
Gazette, July 1938, pp. 255-260, requires amendment. I refer to his statement 
that ‘‘ Bromwich established the validity of Heaviside’s Expansion Theorem ” 
and his view that it may now be used freely and without question. 

It is certainly the case that this theorem is true for the ordinary differential 
equation with constant coefficients, but its validity has not been proved for 
partial differential equations and in these it is often applied. 

In the former case the zeros of the denominator of the expression f(p)/F(p) 
are finite in number. In the other they may be infinite and the partial fraction 
rule need not be true. 

In the method illustrated in my paper in the same issue of the Gazette this 
point arises in the problems treated in sections 11, 12 and 14. In applying the 
Theory of Residues the radius of the circle J’ is taken to be a function of n 
such that no zero lies on its circumference, and n then tends to infinity. 

To make the proof completely rigorous one should verify that the solution 
as found does in fact satisfy the original differential equation and the initial 
and boundary conditions. It is fortunate that in the equation of conduction 
such verification seems generally possible ; but it must be admitted that in 
other differential equations of applied mathematics this offers more serious 
difficulty. A good deal of work has been done in this field by Doetsch and 
Churchill. 

Yours faithfully, 
H. Carsiaw. 


To the Editor of the Mathematical Gazette. 


Smr,—I fear that Professor Carslaw has read into my remarks on Heaviside’s 
expansion theorem a generality I had not intended. I am in agreement with 
his views on that subject. In my forthcoming book entitled, Complex Variable 
and Operational Calculus with Technical Applications (Cambridge University 
Press), the procedure is based upon a particular case of the Mellin inversion 
theorem, which is substantially what Professor Carslaw now advocates. My 
MS. was completed in July 1937, i.e. twelve months before Professor Carslaw’s 
paper appeared in the Mathematical Gazette.* It is interesting to find that a 
pure mathematician and an engineer have arrived independently at a similar 
viewpoint. Although on the general issue our views converge, it is possible 
that on questions of rigour they may diverge. I have expressed my attitude 
respecting rigour t in the preface as follows: ‘‘ The technologist is not fitted 
by training, nor has he the time, to delve into rigour to the last epsilon. Just 
as the mathematician does not need to be versed in thermodynamics and 
internal combustion engine design to drive a motor-car, the technologist need 
not know how to prove all the mathematical theorems he uses. But like the 
mathematical motorist he must be acquainted with the highway code. In 
other words some rigour is needed, and I hope that in this volume a happy 
mean has been struck between the demands of the mathematician on the one 


hand, and the requirements of the practical man on the other.” 
N. W. McLacuian. 


* 22, 264, 1938. 
t See also Math. Gazette, 19, 217, 1935, and Wireless Engineer, May 1935 (Corre- 
spondence). 
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REFERENCE FOR SIMILAR TRIANGLES. 
To the Editor of the Mathematical Gazette. 


Sir,—There is probably no feature of the 1938 Geometry Report which will 
meet with such general approval among teachers as the acceptance of the 
notation S.A.S.; A.A.S.; 8.S.S. to refer to the various cases of congruence 
of triangles. 

The object of this letter is to suggest that it is important, if similarity is to 
be treated early in the geometry course, that some short form of reference for 
the cases of similarity of triangles should be adopted. 

If, as I have heard rumoured, a sub-committee is to prepare a report on 
trigonometry—which after all has something to do with similar triangles— 
the opportunity might be taken to give the approval of the Mathematical 
Association to a suitably short form of reference, if a suitable one could find 
fairly general agreement. 

It would therefore seem a good plan if teachers would send to the Gazette, or 
perhaps to the Secretary of the Teaching Committee a note as to which form 
of reference to the cases of similarity of triangles they prefer. 

My own suggestion is this: use the same notation as for the cases of ccn- 
gruence but put a bracket round one S in each case to indicate that the length 
of that side is arbitrary. Thus the various cases would read 8.A.(S) ; A.A.(S) ; 
8.S.(S) ; and the correspondence with the cases of congruence would be im- 
pressed on the pupil’s mind. : 
Yours truly, 

C. O. Tuckey. 

MATHEMATICAL TERMINOLOGY. 

To the Editor of the Mathematical Gazette. 


Str,—The term “ Kleinsche Vierergruppe ” appears in the following recent 
books: H. Zassenhaus, Lehrbuch der Gruppentheorie, I, p. 50 (1937), and 
B. L. van der Waerden, Moderne Algebra, I, p. 30 (1937). Historically it 
seems to me undesirable to extend the use of this term in view of the following 
facts among others. The group of four elements in question is defined under 
the following five entries in the second edition of Webster’s New International 
Dictionary (1938) as follows: ‘‘ anharmonic group ’’, “ axial group ”’, “ cross- 
ratio group ”’, “ four-group ” and “ quadratic group”’. Hence it seems to have 
a sufficient number of widely accepted names already unless an additional 
name would appear to be useful to exhibit its true history or to give due credit 
to the country of its origin. 

As a substitution group this group was used before F. Klein (1849-1925) was 
born, by J. L. Lagrange (1736-1813), A. L. Cauchy (1789-1857), and others. 
It appears also both as a transitive and as an intransitive substitution group 
in the enumerations published by J. A. Serret (1819-1885), when F. Klein was 
about one year old. As an abstract group its multiplication table was given 
by A. Cayley in his well-known article published in the Philosophical Magazine 
in 1854, and hence there would appear to be some justification for calling it 
now Cayley’s four-group in honour of Cayley’s early work in the field of 
abstract groups. In view of the very elementary properties of this group the 
beginner might at first be led to infer from the term “‘ Kleinsche Vierergruppe ” 
that F. Klein had been one of the earliest workers in the theory of groups, 
which is not in accord with the facts. There are already too many misnomers 
in the history of our subject and hence writers should resist an addition thereto. 


Yours truly, 
G. A. MILLER. 


University of Illinois. 
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THE ASSES’ BRIDGE. 
To the Editor of the Mathematical Gazette. 

Str,—As a postscript to my letter in the July Gazette, the subject may be 

approached from a diiferent side. Consider a small circular disc on a sphere. 
By cutting off three segments with bases 4B, BC, CA there is left a triangular 
disc which can be of two distinct kinds ABC, ACB according to the order in 
which the segments are removed, though the segments are the same in both 
cases. 
This order of ideas can go much deeper, as the following illustrations shows. 
There are right-handed and left-handed structures which, following Pasteur’s 
stereo-chemical inversion, can always be so placed as to be optical images of 
each other. Thus there are right-handed and left-handed gloves. The glove 
can be inverted from left to right in another and more permanent way, by just 
turning it inside out. One need not pursue here the features common to these 
methods of simple inversion. They must be commonplaces in a modern, 
doubtless involved, discipline of Topology ; but there seems to be no reason 
why elementary geometry should ignore them. 

A challenge to curiosity obtrudes itself here. Given two triangles in a plane 
whose sides are equal in pairs each to each, but which are not congruent in the 
sense that one of them can be slid on the plane so as to cover the other, is it 
possible to dissect one of them into parts which can be slid on the plane so as 
when rearranged to fit as a whole on to the other triangle ; and, if so, is this 
fit made in congruent manner, so that any cognate patterns drawn on the 
two triangles will come together, and will it apply also on a sphere: in fact, 
might a substitute for Euclid’s treatment evolve on these lines? The chemist 
might even name this mode of fit a Walden inversion. 

The mention of Riemann on p. 286 may have already suggested to readers 
the close relation between Riemann’s multiple sheet with slit connexions and 
the process of turning over a plane structure in threefold space. In fact we 
can pass to the other side of the sheet of our geometry (supposed indistin- 
guishable) by continuation through a slit in the sheet ; there may be several 
slits, when the relations become more complex, and the Riemannian multiple 
sheet is a simplification almost necessary. If we have a strip of paper instead 
of an unbounded sheet it was remarked (was it Mébius who first thus mal- 
treated space?) and is familiar that if the two ends of the strip are brought 
together and one of them given a half turn with respect to the other and they 
are then pasted together, a strip is obtained which has only one face. On a 
twofold spacial strip of this kind do not the restrictions of congruence into two 
classes, which might be called the right-hand class, and the left-hand class, 
disappear, along with their directional screw rule? The superpositions in 
Euclid would then be all congruent of one kind, without class-limitation? To 
pass round an edge of the sheet instead of through a slit would involve a sharp 
bend, but possibly could be resolved into two slit transitions in succession, 
though it would not abolish the classes. So too the combination of slit tran- 
sitions with continuity of the sheet so as to be the boundless surface of a solid 
might be explored if interest is awaked. Thus in fact the Riemann multiple 
sheet was itself simplified by being blown out (was it by W. K. Clifford?) into 
the unbounded surface of a solid body with holes through it. All which is now 
presumably the also unbounded domain of a science of spacial Topology, such 
as has been for a long time very useful in its simpler manifestations for setting 
out the correlations of abstract analytic generalisations such as the elliptic 
functions and in Physical Science, such as interlacing electric circuits. Thus 
may the elementary geometrical ideas ramify far into the establishment of 
higher mathematical formalisms. DIDASCULUS. 
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MATHEMATICAL NOTES. 


1329. A Diagram for the solution of triangles. 

If the sides of a triangle are 1, x, y, in descending order, the 
triangle is represented by a point (x, y) which is inside a quarter of 
the unit square. Curves can be drawn across this area corresponding 
to constant values of X, Y, the angles opposite to x, y. The diagram 
thus obtained can be used for the solution of triangles and for proving 
various properties of triangles. 

The diagram and a discussion of it will be given in a future number 
of the Gazette. A modified diagram enables the area as well as the 
sides of the triangle to be read. 

C. O. TuckkEy. 

1330. On Notes 1262, 1263. 

Apropos of Notes 1262 and 1263 (Gazette, Dec. 1937), the following 
example illustrates an alternative method of showing diagrammati- 


cally that 38, =(2n + 1)S,, where S, = r?, 


r=1 
Taking n =4, the sum of the squares is equal to the sum of the 
numbers in the triangle of Fig. 1. 


Fig. 1. 


Now turn the triangle through 120° so that B becomes the vertex 
and CA the base, and then repeat the operation so that C becomes 
the vertex and AB the base ; we thus get the two triangles of Fig. 2. 


Fic. 2. 


Now pile the triangles vertically one on top of the other, and add ; 
in other words, construct a new triangle X YZ, in which each element 
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is the sum of the corresponding elements in the three triangles ABC, 
BCA, CAB ; this gives the triangle of Fig. 3, which equals 


9(1+2+3+4). 


Fia. 3. 


It is easy to see that in the general case the elements of the 
triangle X YZ are all 2n +1. N. R. C. D. 


1331. The exponential, logarithmic, and binomial series for a com- 

plex variable. 

1. The easiest way to deal with these series is by differentiation. 
The usual proof of the term-by-term differentiation of a power- 
series, depending on integration, presents difficulties when applied 
to a complex variable. The proof given by Goursat (1905, Vol. IT, 
Ch. XIII, II), is really more elementary. It only supposes (a) that 
an absolutely convergent double series gives the same sum however 
it be summed, (b) that a power-series in z converges absolutely 
within its circle of convergence, and (c) that this latter series is con- 
tinuous at the origin ; that is, its absolute term is the limit of the 
sum of the series when z tends to zero. It is not necessary to know 
that it is continuous for any other value of z, or to know anything 
about uniform convergence. 

To prove Proposition (c), we group together all the terms of the 
series S(z) after the absolute term, and write 


S(z) =2a,2" =a, +28 (2), 


where the series S and s have the same radius of convergence (which 
of course is supposed different from zero). If M is the sum of the 
absolute values of the terms of s(z,), then for | z|<|z)|, we have 
| 8(z) |<M, and hence, when z->0, S(z) > ay. 

2. If we expand each term of the series 


S(z+h) =Za, (z +h)” 


in powers of z and h, we get a double series ; and this, when summed 
by powers of h, gives the series 


S(z) + AS, (z) + 
where each of the series S, S,, S,, ... is the result of term-by-term 


differentiation of the series immediately preceding. To identify 


this series with S(z +h), it is enough to know that the double series 
2x 
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is absolutely convergent. Now the series whose terms are the 
absolute values of the terms of the double series is got by expanding 
2A,,(Z+H)" in powers of Z and H; A,, Z, H standing for the 


n 
absolute values of a,,, z, h respectively. Accordingly it is sufficient 
that Z+H should be less than the radius of convergence of the 
series S(z). 

This condition being satisfied, we have 


S(z+h) -—S(2z) 
h 


and hence, making A tend to zero, we get by Proposition (c) 
dS /dz =8, 


There is of course nothing new about this proof; I only recall 
it to show how elementary are the principles involved. The 
continuity of a power-series at all points within the circle of 
convergence, and the equality of the radii of convergence of a 
power-series and its derived series, are obvious corollaries from the 
argument. 

To apply this to the series we are concerned with, we require 
another proposition, namely that a function of z which has a zero 
derivative throughout an area is constant in the area. This does 
not present any difficulties. 


3. Taking first the exponential series H(z), we find that its 
derivative is equal to itself. It follows that the derivative of 
E(z+a)/E(z) is zero, a being a constant. Thus we get the funda- 
mental property that H(z +a)=E(z)EH(a). In particular, 

E (x +ty) =E (x) E (ty). 
A familiar application of the fundamental property shows that 
E(x) =e*. Also if f(y) is cosy+isin y, differentiation shows that 
E (iy)/f(y) is constant, and its value is clearly unity. 

4. The function logz=L is defined by the equation H(L) =z. 
The real and imaginary parts of L are therefore respectively the 
natural logarithm of the modulus of z, and the argument of z. Since 
dz/dL =z, dL /dz exists and is equal to 1/z. If we give log(1 +z) the 
determination which tends to zero with z, the logarithm is com- 
pletely determined, provided that the argument of 1+z is not 
allowed to increase or diminish by a multiple of 27 ; this is secured 
by the restriction that |z|<1. This being understood, we have 
only to notice that log(1 +z) and the series z —z*/2 +2°/3 —... have 
the same differential coefficient, and both tend to zero with z, to 
see that they are equal. 

5. The function (1 +z)”®=w, where v as well as z may be complex, 
is defined by the equation 


log w =v log(1 +z). 
If z and log(1+z) are subject to the same restrictions as in the 


(z) + AS, (z)/2! +... , 
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preceding paragraph, this equation determines log w, and therefore 
w, uniquely. We have also, v being constant, 
dw/dz =vw/(1 +z). 
Again, if we denote by f(z, v) the series 
it is easily verified that (1 +z) f(z, v-—1)=f(z, v), and that 


df (z, v)/dz =uf (z, v —1) =f (z, v)/(1 +2). 
Hence we find that f(z, v)/w is constant ; and the value of the 
constant is unity. M. F. Eaan. 


1332. Dynamical equations of motion ; moving origin of moments. 

The motion of a system of particles, or of a rigid body, is described 
in terms of the linear momentum vector M{=2m,v,=(2m,) vg} 
and the angular momentum vector H(=2r,,m,v,=Hg+rg¢,M). 
If F is the resultant external force acting on the system, and if 
moments are taken about the fixed origin O, the equations of 
motion are M=F, and H=L, L being the resultant moment about 
O of the external forces. 

Many problems would be very much simplified (e.g. by the 
elimination of unknown reactions) by taking as origin of moments 
a point O’ which is not necessarily at rest relative to the frame in 
which the velocities, accelerations and forces are measured. The 
above angular momentum equation remains true when O’ is instan- 
taneously at rest, and when O’ is moving parallel to the mass centre 
G of the system. When O’ has a more general motion it is necessary 
to replace the equation H=L by a more general equation. The 
formula usually employed in this case is 


(1) 


where v, is the velocity of O’, and H’, L’ are the angular mo- 
mentum vector and moment of the external forces, respectively, 
about the instantaneous position of O’. In applications of this 
formula I have found that students make mistakes in calculating 
the vector H’. This source of error may be avoided by rewriting 
equation (1) in an alternative form. 

It may readily be established that 


where Hg is the angular momentum vector about the mass centre 
of the motion relative to the mass centre, and rg’ is the instantaneous 
position vector of G relative to 0’. 


Differentiating (2) with respect to time, 
H’ —Vo,M +1’, M, 
and comparing with (1), ; 
Now equation (3) is quite as simple to remember as equation (1) and 
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it is simpler to use, for in any particular problem it is in general 
necessary to use the expression (2) for H’, and the student is actually 
establishing equation (3) in each particular case. 

Equation (3) involves only the instantaneous position of O’, and 
is true when O’ is moving in any arbitrary manner. The result is 
merely a restatement of the law “ the moment, about any point, of the 
time rate of change of momentum is equal to the moment, about that 
point, of the external forces acting ’’, and may, of course, be derived 
from it. Let r,, 1,’ and e, be the position vectors of the particle m, 
relative to the fixed point O, to the point O’ and to the mass centre G 
respectively. Then 


L’ = A mF, =2{(T@’ + Ps) A mM, (Rs T@)} 
= Tq’ A (2m,) Tg +L, A M 
M+ He, 
tg being the position vector of @ relative to the fixed origin O. 
If, for example, relative to a non-rotating cartesian frame, the 


vectors Ig, Ty’, Hg, Mand L’ have components (xg, (Lo’s Yo's 20’) 
(he, hy, hz), (Pes Py» Pz) and (L’, M’, N’), then the cartesian compon- 


ents of equation (3) are h. + (Y@ — Yo) Pz — —2%0’) Py =L', ete. These 
are in place of the better known equations h,’ + yop, —40Py =’, etc., 
associated with equation (1). R. A. NEwIne. 
1333. A dissection proof. 
The square of any odd number is one more than eight times an 
arithmetical progression whose first term and common difference are 
both unity. 


The whole figure is the square of an odd number. The centre 
black square is the “one more than” while the rest has been 
divided into 8 equal pieces each of which is a “ triangular number ”. 

C. DupLtey LANGFORD. 

1334. A note on solid geometry. 

A model showing the hexagonal plane section of a cube is worth 
making, but hardly worth spending much time on. This simple 
method gives a convincing result. 
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Draw on thin card a square with three-inch sides. Mark off the 
inch divisions, draw the two diagonals and four lines across the 
corners. Cut away the lowest quarter, but leave a flap as shown. 
Score every line, cut through the two dotted lines, fold up and paste. 


Eleven-year-olds can turn out this article in five minutes or so. 
Two of the models can be joined by an elastic band to show the 
whole cube. E. W. Burn. 


1335. A mysterious elimination. 
Can you eliminate u, v, w from the equations : 


| 
d 
iS | 
| 
n 
re 
| |) 
uv w 
2 2 2 
“ev w 
| Here it is. From (1) and (2), | 
ce which substituted in (3), yields 
th Again from (2) and (3), 
n) : nl(n —1l) : lm(l—m), ............(5) 
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it is simpler to use, for in any particular problem it is in general 
necessary to use the expression (2) for H’, and the student is actually 
establishing equation (3) in each particular case. 

Equation (3) involves only the instantaneous position of O’, and 
is true when O’ is moving in any arbitrary manner. The result is 
merely a restatement of the law “ the moment, about any point, of the 
time rate of change of momentum is equal to the moment, about that 
point, of the external forces acting ’’, and may, of course, be derived 
from it. Let r,, r,’ and e, be the position vectors of the particle m, 
relative to the fixed point O, to the point O’ and to the mass centre G 
respectively. Then 


L’ = A =2{(Te’ Ps) A Ms (Ps 
tg being the position vector of G relative to the fixed origin O. 

If, for example, relative to a non-rotating cartesian frame, the 
vectors Tg, Ty’, Hg, Mand L’ have components ¥¢, Z@), (o's Yo's 20’) 
(hz, hy, hz), (Pz Py» Pz) and (L’, M’, N’), then the cartesian compon- 
ents of equation (3) are h, + (Yq — Yo’) Pz — (2a — 20’) py =L', etc. These 
are in place of the better known equations h,’ + Yop, —%0'Py =L’, ete., 
associated with equation (1). R. A. Newine. 

1333. A dissection proof. 


The square of any odd number is one more than eight times an 
arithmetical progression whose first term and common difference are 
both unity. 


The whole figure is the square of an odd number. The centre 
black square is the ‘one more than” while the rest has been 
divided into 8 equal pieces each of which is a “ triangular number ”. 

C. DupLEyY LANGFORD. 

1334. A note on solid geometry. 


A model showing the hexagonal plane section of a cube is worth 
making, but hardly worth spending much time on. This simple 
method gives a convincing result. 
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Draw on thin card a square with three-inch sides. Mark off the 
inch divisions, draw the two diagonals and four lines across the 
corners. Cut away the lowest quarter, but leave a flap as shown. 
Score every line, cut through the two dotted lines, fold up and paste. 


Eleven-year-olds can turn out this article in five minutes or so. 
Two of the models can be joined by an elastic band to show the 
whole cube. E. W. Burn. 


1335. A mysterious elimination. 
Can you eliminate w, v, w from the equations : 


(1) 
U 

2 2 
(3) 
U v 


wvuwwv 
which substituted in (3), yields 
l/y 
Again from (2) and (3), 
—n) : nl (n —1) : (5) 


| 
| “aN 4 
Here it is. From (1) and (2), 7 
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which, applied to (4), gives the required eliminant. 
21(m —n) {m(l m) y —n(n —1)z}? =0, 
ie. 
Thus, we get back to (1) and a new equation 
...... (6) 
Apparently, we are able to eliminate two variables from two 
equations alone, by the use, as it were, of a catalytic agent in the 
form of equation (1). 
Moral: The ratios on the r.h.s. of (5) are unaltered by changing 
1, m, n to l(m+n-l), m(n+l-—m), n(l+m—n) respectively. 
A. 


1336. A trisector device. 

AB, AC are equal arms, pivoted at A to a block sliding along the 
rod mn. BO, CO are equal arms pivoted at each end. ABOC is thus 
a kite whose angles are variable. D is a pivot sliding on the rod pq. 
DF and DE are equal arms; F is fixed on AO. DE and EG are 
pivoted at H; FO=EO. 
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FDEO is thus a second variable kite. In all positions the angle 
GOJ is clearly trisected by OK and OH. 


Fig. 2. 


N.B.—The rods mn, pq, attached to the strips AK, CH, in the 
original model, might well be replaced by slots cut in the strips. 

It is interesting to note that this device was the spontaneous in- 
vention of Mr. R. C. Weston, a student at the Kilburn Polytechnic. 
It was conceived and planned in the course of a discussion on 
methods of trisection during a lesson in December, 1937. 

P. J. Sura. 


1337. Teaching the complete duffer. 

I was unable to take part in the discussion on “‘ Teaching the 
complete duffer ” at the Annual Meeting of the Association. How- 
ever, there is a good deal which I would like to have said, and I 
would welcome the possibility of expressing my views now. In the 
first place, I think that the emphasis is completely wrong, that is, 
it should be moved from the boy to the subject. It is the mathe- 
matics syllabus which should come under fire. One of the speakers 
quite well said that it is possible to find things which can make boys 
take an interest in mathematics. We all know this very well, but 
in the case of most of us, the whole of our syllabus is based on the 
assumption that we are training boys to take School Certificate. 
Most of us have forms of, say, 30 and are not in the favoured position 


| 
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of being able to give individual attention. For instance, I find that 
boys welcome proofs of Pythagoras’ theorem by the cutting-out 
method (Perigal’s dissection) but the duffer, who will do this gladly 
and even decorate it in colours, objects very much to learning the 
formal proof. I would of course much rather not attempt to teach 
formal proofs to this kind of boy, but I come up against the demand 
that boys should take School Certificate, and we all know what would 
happen to a boy who produced the cutting-out method as a proof in 
the School Certificate. Does not all this, combined with many more 
facts known to many of us, point to the need for a drastic revision of 
the School Certificate in general, and of the mathematics thereof in 
particular? With more vision in planning a syllabus one could have 
an interesting time modifying the methods for teaching the duffer. 
Anyone can teach anything to the clever boy, and so it is the duffer 
and the ordinary boy who demand our careful thought. Again if 
the School Certificate were altered as I want it to be, that is, abolish- 
ing the group system, then the boys who are weak at mathematics 
need not offer it as a subject in the School Certificate and the 
teaching given to them in mathematics would of course continue, 
but in a modified way. Surely it is essential to tackle the problem 
at its root, and as I have said, I really believe this to be the unsatis- 
factory nature of the School Certificate requirements as they stand 
at present. T. A. Grocock. 

[The substance of this note was written before the School Certi- 
ficate arrangements were to some extent revised. | 


1338. Rational triangles. 

Note 1289 in No. 249 suggests the problem in which we want to 
find triangles with rational sides having certain other measures 
rational. For example, if the sine of one angle is rational, then the 
sines of the others, the altitudes, the area, circum-radius and in- 
radius will be so also. The type of equation arising from such 
problems has been investigated fully by Euler and his successors, and 
to some extent by much earlier writers. It may be of interest to give 
some methods which can be used to make up examination questions 
and to offer easy “ research work ”’ for school use. 

(i) To make sin A rational, we must have tan }A rational. Hence 
if a, b, c, A are to be rational, take rational values for tan $A, tan $B 
and one rational side. By taking tan }A =1 we get rational right- 
angled triangles. 

(ii) To make the sides a, b, c and the median m from C rational we 
have to solve 

a? +6? =2]?+2m?, where c=2l. 


Put a=x+y; b=2-y; 

then x? + y? + m3. 
Now put x=p+q, l=p-q, y=r-s, m=r+ts. 
Then pq 
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Take values of p, q, r, 8 to satisfy this equation, such that 
p>q>90, r>s>0, p-q>r-s. 
Then a=pt+qt+r-s, 
b=p+q-rt+s, 
c=21=2(p-q), 
m=r+s 
will solve the problem. If p-q=r-+<s the triangle is right-angled. 
(iii) As an extension, let D divide AB in the ratio A: p. 


Cc 
a 6 
™ 
B ph D Ah 
Put ph, Ak for BD, DA. 
Then Aa® + wb? =(A + 2) m? + Au (A +p) 
Put a=x+py, b=x-dy. 
Thus x? + Any? =m? + Auh?. 
Put x=pt+q, m=p-q, y=r—s, h=r+s, 
and we get pq =Aprs. 


By choosing p, q, 7, 8 to satisfy this equation we can find any 
number of such triangles. 


(iv) To find a triangle with rational sides, having cos A a given 
rational fraction, for example, A =60°, we have to make 
b? — be +c? =a square. 
Euler’s method in such cases is to equate the expression to 
(b-Ac)?; we find 
ble = 1)/(2A-1), 


and is any arbitrary rational. G. W. BREwsTER. 


1339. Res @. 


It may amuse some readers of the Gazette to consider the light 
thrown on trigonometry by some very elementary ideas in mechanics. 
Let it be granted that the effect of a force 7’ in a direction making 
an angle @ with its line of action is a fraction of 7’ which depends 
only on @ and let us call this 7’ res 6. Then it is clear that res 0 =1 
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and res 90° =0, and we require merely to use symmetry to acquire 
a good deal more information about res @. 

In Fig. 1 symmetry shows that there is equilibrium. Consider the 
direction of one of the forces. 


1. 
Then 2T res 60° =T, 
and so res 60° =}. 


In Fig. 2, resolving in the direction of 7’, 


2. 
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2T, res 45° 
But resolving in the direction of 7',, 
T, =T res 45°. 
| Hence multiplying 272 =T", 
| but squaring 47? (res 45°)? =7?. 
| Hence res 45° =1/,/2. 


In Fig. 3, taking 6 =30° and using the directions of 7' and of 7, 


Fie, 3. 
27, res 30° =T, 
T,(1+res 60°) =7' res 30°, 
or T, res 30° ; 
thus (#) =T?, 
or T? .3 
But 4T (res 30°)? =7?, 
and so res 30° =43,/3. 
Again in Fig. 3, taking @=15°, the equations are 
2T, res 15° =T, 
T,(1+res 30°) =T res 15 ; 
Thus 27? (1 +res 30°) =7?, 
but (res 15°)? =7?. 


2(res 15°)? =1+4./3 
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and (res 15°)? =}(2 +./3) 
=}(3+1+2,/3), 
so that res 15° =(,/3 + 1)/2,/2. 


In general, this figure gives 
2T, res 0=T, } 
T,(1+res 20) =T res 8, 

whence (res 0)? =4(1 +1res 20), (1) 
which permits the calculation of res @ for angles of the form 45°/2" 
or 15°/2". 

Again in Fig. 3 there is no reason against 20 being greater than 
90°, but then the second equation would more naturally be written 


T,{1 — res (180° 26)} =T res 
or, putting ¢ for 20, we must have 
res = —res(180° 4), 
which, of course, follows at once if we consider that the effect of 
T in a direction opposite to itself as —7’. 
— to Fig. 2, taking two directions making @ with the dotted 
T res (45° 6) =T;,{res 6 + res (90° — 
T res (45° + 0) {res 0 — res (90° — 4)}. 
Add and subtract and remember that 7’ =7;,/2: 
,/2 res =res (45° — 6) + res (45° + 6), 
./2 res (90° — 6) =res (45° — 8) — res (45° +8). 
Square and add, using res? 6 for (res 6)? : 
res? + res? (90° — =res? (45° — + res? (45° + 6) 
= }{1 +res (90° — 26)} + +res(90° + 20)}, by (1), 


but res (90° — 20) +res (90° + 24) =0, 
since the sum of the angles is 180°. 
Thus res? 6 + res? (90° — 6) =1. 


This proof seems at first glance to be independent of Pythagoras’ 
theorem. 


Lastly in Fig. 3 take an angle ¢ with 7’, 


then T res? =T,{res(@ — 4) +res(0+¢4)} ; 
but T =2T, res 0. 
Thus res (9 —¢) + res(0 +) =2 res res ¢, 


or by the usual change 
res A +res B=2 res (A + B) res $(A - B). 
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Thus it appears that there is but little information given about 
cos @ in the elementary text-books of trigonometry which may not 
be derived from Fig. 3 as a property of res 0. 

In the event of any fusion of mechanics with trigonometry (see 
§ 7 of the Association’s Report on Mechanics, 1930) the resolved part 
of a force would naturally be understood before the A +B formulae 
are learnt. 

To the boy who knows that the three forces shown in Fig. 4 


| P sink 


Fia. 4. 


balance, there is probably no proof of the formulae for cos(A +B) 
so easy as this : 

Consider the effect of the forces shown, first along LM and then 
along KN. 

Then P cos(a — 8) =P cos « cos 8 + P sin « sin B, 
and P cos(a+f) +P sin « sin 8 =P cos « cos B. 


This is definitely easier than the version derived from the premiss 
that “the projection on any line of the sides of a closed polygon 
taken in order is zero’”’, since “ the effect of a force in a given 
direction ” is simpler because obviously more real and important 
than “ the projection of a given line on another given line ”’. 

Has any member tested the pros and cons of this method in actual 
teaching ? C. O. TuckKEY. 


1340. Area of a triangle. 
Mr. Gibbins’ formula (Note 1291) for the area of a triangle with 
sides on the lines 
a,x+b,y+c,=0, (r=1, 2, 3) 
makes a useful example in the theory of determinants. 
The solution of equations (2) and (3) is 
#/A, =y/B, =1/C,, 
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where A,, B,,..., denote co-factors of a,, b,,... in the determinant 
D=2 +(a,b,¢3). 
Then the area is 


C,’ C,’ 
A, B, 
C,’ 
=| 4, By, C, |+20,0,C; 
A,, B, C; 
Bs, Cs 
= D?/2C,C,C3. G. W. BREWSTER. 


1341. Note on notes 1261, 1262, and 1274. 

The sight of the above notes in the Gazette of December last has 
tempted me to come out with my old file and exhibit some ancient 
kindred wares, for which I beg to be excused. 

1. The “curious rectangle” is a reminiscence of Prop. 6 in 
Archimedes’ Book of Lemmas (T. L. Heath: The Works of Archi- 
medes, pp. 307-308) and its generalisation by Pappus. A new proof 
of the theorem of Pappus was given by me in the Journal of the 
Indian Mathematical Society, Vol. XVII, No. 9, pp. 133-135 (1928). 
A special case of one of my results is the following : 

If three semi-circles of radii a/2, a/2, a be each in contact with 
the other two as in the figure of note 1261, and circles be drawn so 
that the first of them touches all the three semi- circles, the second 
touches the first and the two semi-circles as in the figure, and so on, 
then the radius of the nth circle is a/(n? +2). 

Thus, the radii of the first three circles of the series are respectively 
3a, $a, and 

2. The array in Fig. 5, note 1262 can be divided more simply into 


gnomons thus : 
222 22 


and it is easily seen that the sum of the numbers in the rth gnomon 
is 3r?, so that 3S, =(2n + 1)8,. 

This method was kindly pointed out to me by Dr. R. P. Paranjpye 
(now Vice-Chancellor, Lucknow University) as early as 1924. 

For another method of summing up series whose general term is 
of the form An*+3Bn?+Cn+D by using a suitable Arithmetical 
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Progression and partitioning it appropriately, vide ‘‘ Series Summable 


as Arithmetical Progressions ” in Mathematical 


1925, published by the Edinburgh Mathematical Society. 


3. The “simple construction ” for the four ¢c 


two circles is a worked example in pp. 404-405, New Geometry for 
Madras, 1928. This 
work was reviewed by Mr. W. J. Dobbs in the Mathematical Gazette, 


High Schools, Srinivasa Varadachari & Co., 
July 1930. One of the defects of this book is 


new exercises in Elementary Geometry, which do not appeal to the 
A. 


average easy-going teacher. 


1342. Approximating to quadratic surds. 


The roots of x? — px +q=0 obey the equations 


a+B=p, 
aB =q. 


It is natural in finding approximate values for « and f to take a 
pair of numbers «,, 8, whose sum is p and whose product is nearly 
To obtain better approximations a», B,, we modify «,, B, so 
that their product is more nearly equal to g while keeping their sum 


unaltered. 
Notation. d, =B, — ay; 
8,= 
Suppose ¢ is such that 
+€)(B, -€) =, 
i.e. —e? =q. 
Neglecting «?, this gives 
1-% 


This suggests that «, + and 
mations «», Bo. dy 


1 
_d,? — 28, 
(1) 
2= 4 — (as 7) (Bs 2) 
8, 62 
: 


and in general, 


be taken as better approxi- 
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Continuing in the same way 
(i.e. taking «, and f, for «,,, and B,,,), 
T 
we obtain i,m 
d, (d,? — 28,) 
d, d,(d,? —28,)’ 
28,? 


28,2 

(d,? — 28,)? -- 


from (1) and (2) 


=a,+ 


d 8 <a oe from (1) and (2) 
d2 (de —25,) 
Now Oy = + d, 
8,4 
~ 93 —28,){ — 28," 28,7} 


GG? 
3,4 
These results suggest that continuing the process we will obtain 
the following series : 


87 3,4 5,2" 
Pi 'PiP2 PiPe2Ps PiP2Ps--- 
where p, =d,, p, —28,, ps =p," — 28,7, and, in general, 
Pati 23,2". 
The results for d, and 5, further suggest the general results : 
PiP2+++Pn-1 


7 Peps? Dat 


(3) 


MATHEMATICAL NOTES 
These results can be proved by induction as follows : 


r 


d, 


Hence d, =By — 


Pr 28,2" 
PiPa-- Pr 
25,9" 
Pr 


Also, from (4) and (5), 
8 
= + 
Ors 1 a, B, (B, Peps 

3" 
PiPo+++Pr Py Po? 

Pr 
Th 8 
us 

... 
It remains to show that if «,4, the series is convergent if the 


quadratic x* — px +q=0 has real roots. This is, perhaps, most easily 
seen as follows : 


If «, is taken as an approximation to a root of x2-pxr+q=0, 
Newton’s formula gives as a better approximation 
Oy” q 

2an ——p 


=q-5,+ 


+ 


| 8,2"? 
| PiPo-+-Pr (4) 
or—1 
| Dy De Dy 
| Praia 
PiP2--- Pr 
= 
= + 
Xn d, 
2u 
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This shows that the above process is equivalent to successive 
uses of Newton’s method. (Its advantages will be better appreciated 
when we give numerical instances later.) It is evident from the 
graphical interpretation of Newton’s formula that if «,>4p the 
series converges to the larger root and that, though «, may not be 
a better approximation than «,, from a, onwards we get succes- 
sively better approximations. The formula is very commodious for 
arithmetical purposes if 6, = +1. 

E.g. to approximate to ./5 we can take p=0, g=—-5. «,=2, 
B, = —2, then 5, = and d,=p,= 


then =18, 
giving J/5=2+ : 


4 4.18 4.18.322 

The next term is less than } x 10-*, so these four terms alone will 
give a result correct to 9 decimal places. 

This method is applicable to any number of the form n?+1. 
For a number & not of this form it is enough to find integers m and n 
such that km? =n? +1 (Pell’s equation); e.g. for /7, 7. 3?=8?-1. 
With p =0, g= — 63, take a, =8, 8, = —8, then 8, =1, p, =d, = - 16, 

1 1 
254, ... , whence /63 =3 /7=8 
G. W. Warp. 
Archbishop Holgate’s Grammar School, York. 
1343. The transformation of quadratic forms to sums of squares. 
1. Real quadratic form in n variables, x; (i =1, 2, ... 
Lg, 


Let S, =} = =a, ,, and therefore 


If a,,40, 8 ae S,? is independent of x, since a =4};. 
Ox, 
If =0 but 4320, 


2 
S is independent of x2, since 


Therefore S {(S,+8,)?- (S,-S,)*} is independent of x, and 25. 
12 
The transformations to be applied are not degenerate, for : 
(i) if X,=8,, X,=%; =2, 3, ... 2), 
Ayn | FO, 44,0; 


a 
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(ii) if X,=S,, X,=S,, X;=2; (i=3, 4, ... n), 


O +++ Ayn | FO, 
Qo 0 eee Gon ayy = 0, 
0 0 i eee 0 =0; 

(iii) if X,+X,=€,, X;=§ (i=3, 4, ... ), 
1 1 
> 


Thus if a quadratic form in n variables, and in +1 variables, 
can be put in the form 


T 
where r<n or r<n +1 respectively, 
i=1 


and where «a; is real and not zero, by non-degenerate transformation 
rational in the field of the coefficients of S, then a quadratic form 
in n +2 variables can be put in the form 


k 
G=2 ay?, k<n+2 with same conditions. 
i=1 


The theorem is true for one, and for two variables, and hence 
generally. & is the rank of the matrix {a,,} for if x;=p,,;y,, rank of 
G=rank {p,,a,,P,;} =rank {a,,} if {p,;} is regular. 

2. Similarly for the Hermitian form : 


He hes Ney. 
Let H hy sts, 


Ifh,,40, H HH, is independent of x,, 
11 


Therefore H- | H, |? is independent of 
11 
If hy, =0 Big 
~ Hy H,- oH, is independent of x 


a similar theorem follows. A. G. MATTHEWMAN. 
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1344. Lagrange’s equations. 
Given a holonomic system in a conservative field. 


Assume T + V =constant. 
Therefore T+V=0. 
We may suppose 


T =4,.9;4s (ays independent of generalised velocities), 
V=V (4192 In)- 


By Euler’s theorem, qr =2T'. 
dT d(2T) dT 
dV 
dt @q,*" 
Multiply by dt: 
d/oT\ oT av 
Since the dq’s are independent, 
d/oT\ oT 
(r=1, 2... 2). 


The result 7’ + V =constant is generally deduced from Lagrange’s 
equations ; but the result being well known to sixth forms, the 
method given above seems the most convenient and simple way of 
introducing Lagrange’s equations. A. G. MATTHEWMAN. 


1236. A little scheme which we shall use several times during the next few 
pages to symbolise the relation of development to heredity and environment 
is that of the rectangle. Let heredity be the base of the rectangle, and en- 
vironment be its altitude. Then development is the area of the rectangle, the 
product of base and altitude. The development of the individual depends on 
both heredity and environment, just as the area of the rectangle depends on 
both the base and the altitude. We cannot say that the area depends more 
on the base or more on the altitude, since if either should drop out, there 
would be no area left.—R. 8. Woodworth, Psychology, a Study of Mental Life. 
[Per Mrs. Linfoot. 
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Geometrische Optik. By C. Caratnukopory. Pp. 104. Rm. 9.90. 1937. 
Ergebnisse der Mathematik, Band IV, Heft 5. (Springer, Berlin) 


The realm of Geometrical Optics may be approached through the simple 
and long known formulae for the reflection and the refraction of light, and the 
behaviour of an optical system investigated by tracing, step by step, the light 
rays passing through it. And we believe that optical instruments and systems 
are commonly designed in our own day by means of this “ ray-tracing ” 
method. But, at first sight certainly, these exercises hold small interest for 
the mathematician or the mathematical physicist, though it is well that we 
should remember how much, in the way of optical construction and design, 
has been accomplished by them, when they are combined with “ optical 
intuition ”. 

There are, however, other and much more powerful methods available for 
the investigation of the properties and the behaviour of optical systems ; 
methods of general—very general—scientific and mathematical interest. The 
really powerful and far-reaching method is that of Sir William Hamilton,* the 
implications of whose writings extend far beyond the optical realm, as this 
realm is commonly conceived. His method, as set forth in his Theory of 
Systems of Rays, is astonishingly general and, at first sight, abstract ; but 
some progress has been made towards the applications of his general thoughts 
and conceptions to the examination and design of particular optical systems. 
Indeed, not a little progress had been made in this direction by Hamilton himself 
in papers which he did not publish, and which have only been available to the 
public during the last seven years—more than a hundred years, that is to say, 
subsequent to the appearance of his general writings upon optics. 

Hamilton based his approach upon Fermat’s Principle of least (or rather 
stationary) time, that is to say, upon an action principle ; and the fundamental 
element in his work is his equation of varying action, from which all else is 
deduced by means of his various characteristic functions. Fermat’s principle 
follows at once, we may say, from the idea of waves, combined with that of 
interference : but we remember, in this connection, that in Hamilton’s day no 
agreed decision had been taken between the corpuscular theory and the wave 
theory of optical phenomena, and, in consequence, Hamilton was careful to 
indicate that his method is valid alike upon either view : a matter of no small 
significance in our own day, when we reflect upon the advent of the new wave- 
mechanics. 

But, if we assume optical properties to be wave phenomena, there is another 
avenue of approach ; namely, that derived from an application of the well- 
known Principle of Huyghens concerning the propagation of waves. This is 
the method adopted by Professor Carathéodory in his book Geometrische Optik. 
And, incidentally, he demonstrates the equivalence of this principle with that 
of Fermat, giving at the same time a careful and detailed examination of 
Fermat’s Principle. 

Choosing space co-ordinates t, x,, x,—in this way emphasizing the analogy 
between the resulting expressions and the formulae of dynamics—he writes in 
the form L(t, 21, X2, Z,, £,)dt the time taken by the optical disturbance if forced 
to describe the line element ds(dt, dx.) ; here are differential coeffi- 
cients with regard to t, and the most general case is contemplated in which the 


*o.f. On the Optical Writings of Sir William Rowan Hamilton... Math. Gazette : 
July, 1932, Vol. XVI, No. 219, pp. 179-191. 
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optical medium is anisotropic and heterogeneous. He assumes a knowledge of 
the function L, together with the existence of wave surfaces given by 

S(t, X, =const., 
thereafter showing, by an application of Huyghens’ Principle, that the ex- 
pression 


where 2,, 4, indicate any arbitrary direction: the expression (1) vanishing 
only when this direction coincides with the light-ray. Hence, minimising the 
left-hand side of (1), regarded as a function of #,, #,, we obtain 
OL as oL_ os 
Of, Om,” 
these being satisfied only when 4, #, is the direction of the light-ray passing 
through the point t, 2, x». 

The equations (2) may be solved for #,, Z, in terms of t, 2, 2, 0S/02x,, 0S/0x., 
and when the values so obtained are substituted in the vanishing of (1) 
we derive a partial differential equation of the first order for the function 
S(t, 2, x). This differential equation having been solved we may return 
to (2), and solve for %,, %, in terms now of t, 2, 2, giving us two ordinary 
differential equations of the first order, the solution of which is an expression 
of 2, x, in terms of t, involving two arbitrary constants of integration. 

The actual procedure may conveniently be as follows ; we write 

_ OL _ OL 
and then construct the Hamiltonian function H(t, x,, 2, y,, Y2) in the usual 
manner : namely, by setting 
H(t, Xe, Yo) +Li(t, Xo, Li + 
Then our basic partial differential equation is 
es ( oS os 
and the ordinary differential equations are 
dx, OH dx, 0H 
dt dy,” dt dy,’ 
their solutions being 2,=&,(t, %, Ue), Uy, Us), 
where u,, u, are constants of integration. These indicate a two dimensional 
manifold of light-rays, depending of course upon initial conditions. The 
constants of integration are not altogether arbitrary, for they must satisfy 
the condition given by the vanishing of the Lagrange bracket expression 


[u, Us], that is 
O(uUy, Ug) Ue) 


Ug] = > 
where 


m(t, Uy, S(t, &, nalt, Uy, S(t, by £2). 


Moreover the expression [%,, %] is independent of t. 
A brief account is given of the solution of the more general canonical 


equations : 


dx, 0H dz, OH dy, 2H dy, 0H 


dt dy,’ dt dy,’ dt dx,’ dt Ox,’ 
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assuming the function H(t, x,, 22, 4%, Y2) to be known. The solutions appear 
now as 


(t,U,), t=m(t, Uy), 

&(t, Uy), Uy), 
and certain properties of these solutions are examined. For example, the 
expression [w,, Ug] is shewn to be a differential invariant, unchanged by 
reflection or by refraction, and so constant throughout the optical system, 
And, further, certain very interesting properties of the integral invariant 


Ug] du,dug 


are examined : this integral invariant is associated with the names of Poincaré 
and Cartan. 

An optical system transforms a ray-manifold, in an object-space, into a 
second ray-manifold, in an image-space, the two spaces sometimes coinciding, 
either wholly or in part. The two manifolds appear as solutions of appro- 
priate canonical equations, each solution being dependent upon two para- 
meters ; and the connection between the pairs of parameters, that is, between 
the two manifolds, is made by means of the invariance of the Lagrange 
bracket expressions throughout. This then is the analytical mechanism of 
transformation. 

Now if, changing the co-ordinates slightly, we take a point x, y upon the 
surface t=const. (and the co-ordinates chosen may be curvilinear), we are 
interested in the ray passing through the point 2, y and also in its direction 
1, &, n at the point ; and, denoting by 2’, y’, é’, n’, the corresponding quan- 
tities for the image space, we are really dealing with a transformation between 
these two sets each of four variables: that is, with a transformation between 
two line-elements. The transformation is given by the invariance of the 
Lagrange bracket expression, and the implication of this is, as we may show, 
that we are dealing with a canonical transformation, namely, a transformation 


for which 
+/dy’ fda —ndy=dP (2’, y’, x, y), 
a perfect differential. Introducing further the Poisson bracket expression 
(x’, y’), where, for example 
a(y’, x’) O(y’, x’) 


we may show that the necessary and sufficient conditions that the transforma- 
tion be canonical are 


y’)=9, (z’, 7')=0, (2, y’)=9, 
(f, 

If now we are given two functions x’, y’, of the four variables z, y, €, n, such 
that (z’, y’)=0, we may determine two other functions ¢’, 7’, and so build up 
a canonical transformation: and, in particular, we may show that at least 
one of the Jacobian expressions 

must be different from zero. This, we may prove, implies the existence of 
certain fundamental functions. For example, if 


y’), 
9, 


a=1, 2, 3, 4. 
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afunction — H(z, y, x’, y’) must necessarily exist, such that 
_ Of ,, _ 
though the function £# is not, by this means, uniquely determined. Such a 
function is said to be an eikonal, and clearly we may find in the same manner 
a number of eikonals. The method of Bruns is followed here, who introduced 
the name “eikonal”, and Professor Carathéodory distinguishes sharply 
between the eikonal function, so derived, from the various characteristic 
functions which Hamilton introduced, at a much earlier date ; frankly, the 
present writer can scarcely follow him here. 

It will be seen that, for a complete system, we have eight variables, namely, 
x,y, €,n, v’, y’, &, n’, of which, in general four are independent, and so we have 
a number of eikonal functions. In the book sixteen are given ; amongst them, 
for example, in addition to that above, a mixed eikonal V(£, n, x’, y’), a 
schiefes eikonal U(x, n, x’, y’), for which 


a winkel-eikonal W(é, &’, n’) ; and so on. 

Various very interesting specialisations of these are given: their forms are 
found, for example, for semi-telescopic systems and for telescopic systems, 
and also the form of the eikonal V’(x, y, &’, n’) is found so as to ensure point 
to point correspondence over two given surfaces, the one in the object space 
and the other in the image space. Moreover, after some further very general 
results, an application is made to the symmetrical optical system. 

In connection with associated optical spaces we are interested not only in 
the correspondence of complete rays, and the consequent imagery arising from 
this correspondence, obtained by means of the various eikonal functions ; we 
are interested also in the correspondence of line-elements of the respective 
spaces. Thus if t, 2,, x, be a point of one space, the addition of y,, y2, defines 
a line-element at this point ; and in the second space we have similarly the 
associated variables t’, x,’, x2’, y,’, ys’, each of which is a function of all five 
preceding variables. We may show that the optical transformation is such 
that 


, 


— H’dt’ + + = — Hdt+y,dx, + ydz,+d¥, 


where, as usual, H and H’ are the Hamiltonian functions associated respec- 
tively with the two spaces, and ¥ is a function of t, x,, x2, y,, y2. Conversely, 
any two regions connected in this manner may be said to be optically connected. 
Moreover, the function ¥ is closely associated with the characteristic function 
V(t, 2, 2’, introduced by Hamilton. 

Various interesting special cases of this type of transformation are con- 
sidered : for example, a canonical gleittransformation, in which the two spaces 
coincide and each ray corresponds to itself, but the elements are displaced 
along the respective rays. A particular case of this is indicated, in which we 
have the function Y a constant, and then we have a contact transformation, 
introduced by Sophus Lie. And, further, the case of tangential coupling is 
investigated in some detail, and the appearance of caustic surfaces. 

An account is given of the perfect (vollkommen) optical system : for which, 
namely, there is accurate point to point correspondence between the two 
spaces, so that to a bundle of rays passing through a point in one realm corre- 
sponds a bundle of rays passing accurately through a point in the associated 
realm. Here the general optical system is contemplated, apart, that is to say, 
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from any kind of geometrical symmetry, and for media which are anisotropic 
and heterogeneous. Since we have fundamentally 
— H’'dt’ &,/)dt’, 
there follows by integration 
| wav =| Lat+ | 


where ¥’ is a function of position only. 

Thus the difference between the optical lengths of two corresponding curves 
y and y’, one in each space, is independent of the forms of these curves and 
depends only upon the positions of their end points. 

It is shown further that the magnification for a perfect optical system must 
of necessity be unity. This result was first given by Clerk Maxwell, as an 
approximation in a special case ; and another highly original and interesting 
proof was given by Klein. 

Some attention is given to the correspondence of points and curves upon 
associated caustic surfaces arising through the connection between congruences 
of rays: and a number of interesting properties is considered by means of the 
integral invariants introduced earlier. 

Let us consider two associated optical spaces and any two corresponding 
rays, one in each space, which we may conveniently take as axes of t and t’ 
respectively ; we assume the optical media to be isotropic and uniform in each 
case, so that all rays are straight lines, but the system is not necessarily in any 
way symmetrical. The distribution of corresponding rays in the immediate 
neighbourhood of the chosen axes of ¢ and ?’, that is to say near any two 
selected (and corresponding) rays, presents a problem of interest and import- 
ance ; and, in his final chapter Professor Carathéodory turns to this investi- 
gation. The treatment adopted is suggested by the use of an approximate 
Hamiltonian function, and thereafter the general equations previously deve- 
loped : so that really one is solving an associated general problem which is 
asymptotic to the original problem in the immediate neighbourhood of the two 
selected rays. Only the first approximation to the original problem is of 
interest here ; that is to say, we are not concerned with what is commonly 
known as “ aberration theory ”. 

Since, in the asymptotic problem, the rays are all straight lines the eikonal 
chosen, the gemischtes eikonal, appears as a homogeneous quadratic function 
of its four variables, involving therefore ten coefficients which are at our 
choice, saving only for one inequality which they must satisfy. Though, 
by suitable and unconnected rotations of the axes, about ¢ and t’, two of these 
coefficients may be made to vanish, without any loss of generality. 

The usual result appears, that to a stigmatic bundle in one space—a bundle 
of rays all passing through a point P(t, x,, 2.), there corresponds a congruence 
of rays in the other space, all passing through two focal lines at right-angles 
to each other. As a special case we may limit P to the axis of ¢: then the 
pencils given by the focal lines in the image space corresponds to pencils in the 
object space which are not in general at right-angles. And we may name 
orthogonal points those positions of P for which the pencils are at right-angles. 

Gullstrand is followed in forming a classification of the optical systems by 
means of the behaviour of the focal lines as P moves along the t-axis: if, for 
example, during the motion of P along its axis, the focal lines turn through 
two right-angles the system is known as tordiert. If the lines oscillate between 
limits less than two right-angles we have a retordiert system. Or if they turn 
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through one right-angle we have a semi-tordiert system. The latter is shown 
to be the only case in which there exists, in general, two corresponding planes, 
over which we have point to point correspondence. The symmetrical system 
gives, to this approximation, stigmatic correspondence for all points: and 
is the only such system. And, finally, an account of the Gaussian imagery is 
given, in terms of the eikonal chosen. We have then a complete investigation 
of the behaviour of the optical system, to this order of approximation, for all 


cases. 

As will be evident from the preceding account Professor Carathéodory is not 
concerned here with the detailed application of theory to the design and 
properties of optical systems; but, instead, with general and fundamental 
aspects of the optical theory itself. And this is in accord with the intention 
expressed in his preface. Starting with an application of Huyghen’s well- 
known principle his weapons thereafter are the solutions of partial differential 
equations of the Hamilton-Jacobi type, and the study of space transformations 
—contact and canonical transformations, and the like. The processes used 
have grown up during a long period, and with various ends in view, though all 
really connected and brought together here, and also, more especially, in 
Professor Carathéodory’s book, Variationsrechnung und partielle Differential- 
gleichungen erster Ordnung. 

The approach is different from that of Hamilton, though fundamentally 
connected with Hamilton’s work, and one is interested to see the connection 
traced out between the two view points. Incidentally, Professor Carathéodory 
regards Bruns as having made some significant advance upon Hamilton, and 
we find some difficulty in following him here. Hamilton’s work was, of course, 
long prior to that of Bruns. And the dynamical investigations of Hamilton, 
in his hands a direct deduction from a part of his optical theory, became quite 
widely known, while the optical foundations of this work lay almost com- 
pletely in oblivion. Now Bruns, we gather, was familiar only with this 
dynamical work of Hamilton, and deduced some of Hamilton’s optical con- 
clusions, some sixty years later. For example, the eikonal which he used is, 
we think, fundamentally the same as Hamilton’s 7'-function. 

The presentation of Professor Carathéodory’s book is logical and consecutive 
throughout, though we think somewhat condensed on the whole—indeed, in 
parts, very condensed perhaps. This maybe was inevitable if matters were to 
be kept within the compass of about a hundred pages. Moreover, the book is 
best read, we feel, in conjunction with the author’s other book, Variations- 
rechnung ..., to which very frequent references are made throughout, and from 
which many quotations, theorems and results are taken, sometimes as parti- 
cular cases. Indeed this latter book brings together results and methods 
scattered throughout a somewhat extensive literature, and not otherwise 
collected, as far as we know. 

We think then that the book Geometrische Optik will appeal not only to those 
who are interested in the theory of geometrical optics, but also to all who have 
a feeling for general methods, linked up with various realms of pure and 
applied mathematics. And we welcome the book as an interesting and valuable 
addition to optical literature, and as being a worthy member of the important 
series of books to which it belongs. G. C. Srewarp. 


Die Theorie der Gruppen von endlicher Ordnung, mit Anwendungen auf 
algebraische Zahlen und Gleichungen sowie auf die Krystallographie. By 
A. Sprtser. Third edition. Pp. x, 262. RM. 15; Geb. RM. 16.50. 1937. Die 
Grundlehren der mathematischen Wissenschaften, V. (Springer, Berlin) 


This work is too well known to need a detailed description. In the third 
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edition, the main plan of the second (of 1927) has been preserved, but with the 
addition of a new chapter and two new sections. That this has been done at 
the expense of only ten additional pages of text is a tribute to the author’s 
powers of concise exposition, for there appear to be no omissions of any conse- 
quence. The present edition preserves to the full the high stylistic qualities 
of the earlier versions. There are many mathematical books of which one 
may confidently feel that every word has been weighed. But there can be few 
in which they have been weighed with such skill as here. 

Of the material now included for the first time, the most important is the 
new chapter on algebraic invariants and covariants, treated, very briefly, from 
the point of view of the representation theory of linear groups. The funda- 
mental nature of the connection between the classical theory of forms and 
representation theory is even to-day perhaps not so widely appreciated as it 
deserves to be. That after only seven pages Speiser is already completing his 
second proof of Hermite’s reciprocity theorem for binary forms is an indication 
both of the usefulness of group-theoretic methods and also of the smoothness 
of the present treatment. The chapter concludes with an all too brief account 
of the relation, in the general m-ary case, between the representations of the 
symmetric groups and those of the general linear groups. It is naturally 
impossible to do justice to so wide a subject in so small a compass. But these 
few pages, supplemented by the two new sections which occur earlier in the 
book (and which serve to bring the theory of symmetric groups to the point 
at which a primitive idempotent is provided for each irreducible representa- 
tion), will form a valuable introduction to a field whose applications are 
already numerous and are of growing importance. 

The new edition contains a good many other improvements, a few of which 
may be worth mention. 

The extremely neat proof by E. Witt of Wedderburn’s theorem that a 
division algebra with only a finite number of elements is necessarily com- 
mutative now appears for the first time. This is a theorem of pure group 
theory. To E. Witt is also due the improved proof of Frobenius’ theorem on 
permutation groups, a not unrelated result. 

The groups generated by a number of elements of order 2 whose products 
three at a time are also all of order 2, groups which were used by Gerhard 
Thomsen as a foundation for Euclidean geometry, now secure an honourable 
mention. And Burnside takes yet another wicket with his basis theorem 
for prime-power groups. 


Summable series and convergence factors. By C.N. Moors. Pp. vi, 105. 
$2.00. 1938. American Mathematical Society Colloquium Publications, 22. 
(American Mathematical Society, New York) ; 

The problem of convergence factors f,,(«), n=0, 1, 2, ..., for a series Lu, 
is the problem of the convergence of the series Xu, f,(«). For example, if 
u,=(-1)", then f,=(n+1)> or 2” (0<2<1) are convergence factors. 
There are two types to be distinguished. With the first type mere convergence 
is all that is required ; with the second type Dw, f,,(«) is required, in addition 
to being convergent, to tend to the “ right” value as « approaches a certain 
limit. In the examples above (n+1)- is of the first type, but x” is of the 
second type, since —1)"x" converges for 0<x<1 and, as x1 — 0, its sum 
tends to 3, which is the Cesaro sum of 2( - 1)". 

Typical theorems concerning convergence factors of the first kind are : 


I. Lu, f, converges whenever converges if and only if X | 
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Il. Lu, f, converges whenever Lu, is summable (C, r) if and only if (i) 
Xnt | | converges and (ii) f, =O(n-"). 

These become theorems about convergence factors of the second kind if, in 
addition, f,,=f,(«)>1 as «>a», and the other conditions hold uniformly 
near a. 

The author begins with an interesting historical introduction to the theory 
of divergent series. In Chapter I he considers theorems allied to I (above) and 
extends them first to double series and then to multiple series. In Chapter IT 
he gives a brief introduction to Nérlund means. In Chapter III he considers 
theorems allied to II (above), and in Chapters IV and V he makes the corre- 
sponding extensions to double series and multiple series respectively. In this 
part of the book he works with Nérlund means, and his results are more 
general than those previously known concerning Cesaro means. In discussing 
double and multiple series he confines himself for simplicity to series whose 
partial sums or means are bounded. Finally in Chapter VI he discusses a 
method of summation termed “ restricted convergence ’’, and at the end there 
is a full bibliography. 

The book should be useful to anyone with a professional interest in the 
Theory of Series. The proofs are brief and accurately set out. It is a pity, 
however, that the cross-reference system is not easier. For example, in 
Lemma lI, p. 42, occur references to conditions (A*), A,* and (C,*), which 
occur respectively on pp. 12, 14 and 41, while Theorem I, p. 44, contains a 
reference to condition (A), which is not the (A) on p. 10, but another condition 
(A) on p. 43. This is not a serious difficulty in a book of only 100 pages, but 
the reader would be well advised to make a private index. L. S. B. 


Distance Geometries : a study of the development of abstract metrics. 
By Leonarp M. BLUMENTHAL. Pp. 145. $1.25. 1938. University of Missouri 
studies, XIII, 2. (University of Missouri) 

It is difficult in a short review to deal adequately with the wide range of 
topics covered by this study. The development of the theory of abstract 
metrics is a comparatively recent branch of geometry, but the results already 
obtained and the astonishing variety of their applications promise a big 
future for the subject. 

The fundamental notion in the theory is that of a metric space, This is 
defined abstractly as an aggregate of elements p (called points) such that to 
every ordered pair p, g of points corresponds a real number pq with the follow- 
ing properties: (i) pg>0 if p and q are distinct, (ii) pp=0, (iii) pg=qp, 
(iv) pqg+qr>pr for any three points p, q, r. If condition (iv) is not imposed 
we have a semi-metric space. In any case pq is called the distance between the 
points p and gq. 

The programme of metric geometry is to develop properties of metric spaces 
directly from the definition. One important problem is that of characterising 
particular spaces (Euclidean, spherical, etc.). The following theorem is a 
typical one. Let S be a semimetric space, and consider, for any set of k 
points 7,, ..., p, of S the symmetric k-rowed determinant whose elements are 
cos( p;p,/r), (r a positive number). Then necessary and sufficient conditions 
for S to be congruent with a subset of an n-dimensional spherical space of 
radius r (i.e. the surface of a hypersphere of radius r in Euclidean space of 
n+1 dimensions) are that (i) no two points of S are at a distance >zr, and 
(ii) that the determinant formed by every set of n+2 or n+3 points of 8 
vanishes, while all the determinants formed from sets of less than n + 2 points 
are non-negative. Results of this type lead incidentally to some curious 
results in determinant theory. 


as 
tria 
it is 
the 
this 
lim: 
of t 
enti 
be « 
T 
por 
disc 
pow 
inte 
still 
up 
D 
(Lot 
necé 
: syst 
star 
add: 
in ai 
som 
the 
we! 
the 
M 
rem 
base 
proc 
any 
| thet 
duo 
a lo 
tabu 
deci 
deci: 
Tugg 
only 
of tl 
the 
syste 
M 
with 
year 
devo 
toria 
and 
metr 


REVIEWS 517 

More significant are the applications to infinitesimal geometry. For any 
triad of points p, g, r of a metric space we can define a curvature «(p, q, 7) ; 
it is that function of the distances pq, gr, rp which in the Euclidean case gives 
the reciprocal of the radius of the circumscribing circle of the triangle pgr. If 
this function is such that at a limit point p of the space «( p, q, r) tends to a 
limit as g and r approach p independently, we may call this limit the curvature 
of the space at p. This notion is much more general than the classical differ- 
ential one. A similar generalisation of the Gauss curvature of a surface can 
be obtained by considering sets of four points. 

The methods of metric geometry have been applied to give proofs of im- 
portant existence theorems in the calculus of variations, which cannot be 
discussed in detail here. Enough has been said, however, to indicate the 
power and range of the new methods. The work under review provides an 
interesting outline of the results so far achieved, and of the problems which 
still await solution. A comprehensive list of references make it easy to follow 
up any desired portion of the subject. &: BS. 


Duodecimal Arithmetic. By Grorcr S. Terry. Pp. 407. 30s. 1938. 
(Longmans) 

The disadvantages of 10 as a base of notation are well known. The primitive 
necessity of counting on fingers is the origin of this base, and so the world-wide 
system of arithmetic is rooted in a physical peculiarity which we share with 
starfish. Had we been born, as a few exceptional individuals are, with an 
additional finger on each hand, how different would have been our proficiency 
in arithmetic, as well as in stringed or keyed instruments of music! There are 
some, it is true, to whom this sounds like irreverence, some who would invest 
the deeply rooted habit of counting by tens with a religious sanction. To such 
we may perhaps urge that though Ten may figure largely in the early books of 
the Old Testament, Twelve figures as largely in the early books of the New. 

Mr. Terry has observed, as anyone may who takes the trouble, the really 
remarkable simplifications in arithmetic that are ensured by adopting 12 as 
base. An extremely simple multiplication table, with large numbers of 
products ending in zero; the earlier factorials ending in strings of zeros (let 
anyone take the trouble to write the earlier terms of the asymptotic series for 
the Gamma function in duodecimal notation) ; the very much more convenient 
duodecimal equivalents for decimal fractions in common use ; one might make 
a long and impressive list. Everyone who has studied interpolation or sub- 
tabulation will recognise 0-0234375, 0-09765625 and 0-007690429687& as 
decimal equivalents of certain familiar fractions. These, in the scale of 12, 
are 0-0346, 0-1209, 0-113576. But the case for the superiority of the duo- 
decimal system stands in no need of vindication at this time of day. The 
tugged persistence of the foot, the shilling, the yard, the fathom and the 
league attests the strength, as well as the reasons, on which it is based. It is 
only that the decimal notation, with the fillip it received through the adoption 
of the metric system, has had the overwhelming advantage of being first in 
the field. (We must qualify this a little by observing that the Babylonian 
system of numeration tried to make the best of both worlds.) 

Mr. Terry, as a practical idealist, has decided not to await the millennium 
with folded hands (especially since in the duodecimal scale it would be 1728 
years) but to have the necessary tables ready against its coming. He and a 
devoted staff have produced these tables of powers, roots, reciprocals, fac- 
torials, prime factors, well-known constants, conversion tables, trigonometric 
and exponential functions, logarithms of natural numbers and of trigono- 
metric functions, exponential, sine and cosine integrals, Bessel functions (a 
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short table) and interpolating coefficients, for the most part to nine places of 
duodecimals with first differences. The idea is carried out with great con- 
sistency. For example whereas ordinary tables to ten decimal places have 
the digits split into two groups of five, Mr. Terry’s tables have the nine places 
split into three groups of three. 

Will the day of the duodecimal scale ever dawn? There will have to be an 
interregnum during which a new generation is learning its tables in the 12- 
scale ; a simple matter, if that were all. One generation at least will have to 
be competent in both scales. Machines in the 12-scale, of course ; but we use 
them in effect for money, even as it is. Will the poets line up to the crack of 
the duodecimal whip? 


** At ilka tett of her horse’s mane 
Hung four-do siller bells and el”. 


It is a little hard to imagine. Anyhow, if ever that day comes, here is a solid 
instalment of tables ready, presented by the author “ in the hope that in future 
someone may find them a saving of labour, which I am rash enough to believe 
that in time they will”. A. 


La Dépendance Statistique : Chaines et Familles de Chaines Discon- 
tinues. By O. Onicescu and G. Mimoc. Pp. 47. 15 fr. 1937. Actualités 
scientifiques et industrielles, 503; exposés d’analyse générale, VII. (Hermann, 
Paris) 

English authors do not seem to have engaged explicitly in the study of 
Markoff chains, though problems of the “ random walk”, of the mixing of 
liquids, of molecules under random impacts and the like are instances. Ina 
sequence of values of 2, if the probability or probability density of z,, is a 
function of the previous values taken, then the un- 
limited sequence (z,,) constitutes a Markoff chain of order k. If k=1, so that 
the probability of x, depends on the previous value taken, x,,_,, the chain is 
simple. If the probability of x, does not contain n, the rank in the sequence, 
as a parameter, the chain is said to be “ a liaisons constantes ’’, let us say of 
constant ligation. 

One can easily imagine cases of simple Markoff chains. For example throw 
2, coins and let all coins showing heads lie. Throw the rest and again let all 
coins showing heads lie; and repeat this, recording each time the number z 
of coins that are lifted. The sequence 2p, 2, 22, ... is a simple Markoff chain. 

The tract before us gives a good introduction to Markoff chains and a survey 
of their principal properties. Families of chains, reversibility, stable chains, 
periodic chains; a secular equation, like that for the modes of a vibrating 
system (to which the subject has a certain analogy) ; asymptotic properties ; 
an ergodic principle, to the effect roughly that the probability that a sufficient 
remote member of the sequence takes the value x depends less and less on a 
finite number of initial values taken ; the tendency to normal distribution of 
sums of consecutive values ; model urn-schemes and other examples ; these 
are some of the topics studied. A very interesting point is that the limiting 
properties of relative frequency in a chain are often enunciable in terms of the 
limits as defined in classical analysis, not the restricted limits ‘“‘ en proba- 
bilité ” of Fréchet. Thus in the very simple example of a bag containing two 
balls, one white, one black, subject to random drawings one at a time with 
replacement, the relative frequency of white balls in the total of balls drawn 
tends to } only in the sense that the probability of its differing from 4 by less 
than ¢ tends to 1 as n tends to infinity. If, however, whenever a white ball is 
drawn we put a black ball in the bag, and whenever a black is drawn we put 
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in a white, the relative frequency of white balls drawn tends to } in the true 
classical sense. 

This book would make a good introduction to the second volume of Pro- 
fessor Fréchet’s Recherches Théoriques Modernes sur le Calcul des Probabilités, 
which incidentally, on pp. 18-21, gives valuable observations on the relation 
of Markoff’s chains to Poincaré’s method of arbitrary functions. A. C. A. 


The Kelley Statistical Tables. By Truman Lez Ketiry. Pp. vii, 136. 
20s. 1938. (The Macmillan Company, New York) 


Tables of the normal probability function are of great importance in statis- 
tical work, and many such have been published. The main table in the book 
under review (Table I) is one in which the abscissa and ordinate are given to 
8 places of decimals for the most part, for values of p ranging from 0-5000 to 
0-9999 at intervals of 0-0001, together with a few extra values at closer 
intervals of p up to 0-999999999. pp is the area under the curve from its start 
at —o up to the calculated abscissa. The table is thus an expansion, at one- 
tenth of the interval, of one calculated by Kondo and Elderton, and repub- 
lished in Tables for Statisticians and Biometricians, Part II (1931—Biometric 
Laboratory, University College, London), but it does not give all the functions 
tabulated by Kondo and Elderton, nor does it go to as many decimal places. 
It adds, however, values of ./(pq), /(1-—p*) and ./(1-q?), where g=1-p. 
The table covers 101 pages. Table II is a short table of the probability 
associated with a given value of x?, for various numbers of degrees of freedom 
n, the argument being x/,/n. Tables III, IV and V are tables of Lagrangian 
Interpolation Coefficients, for four, six and eight point interpolation respec- 
tively. The first of these proceeds by steps of 0-001 of the interval, the second 
at 0-01 and the third at 0-1, and the coefficients are given to ten and eleven 
places of decimals. The last table is one of square roots of numbers from 
1 to 1000, given up to 100 to the same number of decimal places as 
Barlow, but thereafter to one place less. The method of construction, and 
certain of the uses to which the tables can be put, are described in an Intro- 
duction. 

The Tables, particularly the main one, should be very serviceable to statisti- 
cians, though it remains open to doubt whether the cost of the volume is not 
excessive for what it provides, in view of the fact that the Table of Kondo and 
Elderton is likely to satisfy the needs of most people. The printing is good ; 
new style figures have been used although the preference nowadays is for 
old style (head and tail) figures. The grouping is in threes, with every tenth 
entry lined in. Fives would, in the opinion of the reviewer, have been better. 
No differences have been provided, the intention of the author being that 
Lagrangian Interpolation should be used. But one of the merits of an ex- 
tensive table at close intervals of the argument is that linear interpolation 
should be sufficient over a great part of the range. and this is greatly aided by 
a tabulation of the first differences. An errata slip calls attention to a wrong 
coefficient in Schlémilch’s formula on p. 2, where 315 should read 57, but it 
should be pointed out that the formula is still in error with this correction 
made, since there should be an x along with the ,/(2z) in the denominator of , 
the expression outside the square brackets. The use by the author of the 
symbol P throughout for a changing series of expressions in the formula on 
p. 3 is not too happy. A mild protest may perhaps be permitted against the 
reference attached to Schlémilch’s formula. The author quotes an American 
paper dated 1934, whereas the correct reference should be to Zeitschr. fiir 
Math. und Phys., Bd. IV, (1859), p. 401. (The difference in form is due to 
writing 42? for Schlémilch’s 2). I cannot remember whether Schlémilch 
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went as far as the term given erroneously by Kelley or not, but the correct 
form was certainly published by 1927 (Biometrika, XIX, p. 13). J. W. 


A first course in statistics. By E. F. Liypquist. Pp. xiii, 226. 8s. 6d. 
1938. (Harrap) 

Study manual for a first course in statistics. By E. F. Lrypquist. Pp. 
122. 5s. 1938. (Harrap) 


The author of these two books is Professor of Education in the State Uni- 
versity of Iowa, U.S.A. As such he has found a need for a textbook for 
“beginning students”’ who are studying statistical methods as applied to 
education and psychology. As methods of measurement are used more and 
more in pedagogics, more and more it is found that the users fail frequently to 
interpret intelligently their results : they lose themselves in statistical formulae 
and fail to appreciate the logical bases and the limitations of the technique. 
Those of us who read English educational literature have realised this: the 
U.S.A. technical journals indicate still more these tendencies. With theseneeds 
in mind the author, as a result of experience with his classes, has planned the 
textbook and the accompanying manual of exercises for his students: he 
suggests that the material should prove adequate for a one-semester under- 
graduate or graduate course meeting three or four times per week. The book 
is one of the best we have met of its kind, and the course seems very well 
devised. It can be read usefully by English students. His warnings about 
the relative nature of test, etc., scores, the danger of using samples of less than 
100 (though some in his examples are smaller, and he speaks on p. 113 of 25 
as being small, to modify this on p. 176 to call 30 very small), the distinction 
between validity and reliability, the need for linearity and homoscedasticity, 
can very profitably be read by all. Much of the work of the International 
Institute Examinations Enquiry would have been unnecessary and its criti- 
cisms less surprising if the interested parties had the sound knowledge of the 
fundamentals that they would acquire easily from this work. And the present- 
day critics of examinations—as, e.g., the one who said (A.M.A., XX XIII, 1, 
p. 41) the coefficient of correlation between order of merit of entrance and 
order of merit a year later was -4—would realise how vain and irrelevant their 
criticisms were if they read and pondered the final section on the significance 
of measurements of reliability. 

The book is an American text. We do not in England speak, I think, of an 
area subtended by an interval of a histogram, nor read r,, as r sub 1, 2. Dumb, 
in English, does not mean stupid, and quadrille (graph) ruled paper is not 
called “‘ arithmetically ruled paper”’. Perhaps it is a slip to include the 30th 
percentile among the even 10th percentiles. We have noticed only one 
misprint ; p. 82 refers to Table 21 instead of Table 16. It would have been 
an advantage if a paged reference list of tables had been given as well as one 
for figures. Table 19 is misleading, for repeated addition of a quantity given 
to 3 decimal places is recorded to give results to 3 decimal places, with the 
consequence that, using the value of o given, we find the range +3-097 to 

— 3-134, in place of the author’s +3-101 to — 3-140, for z. 

The only textbooks referred to are Karl Pearson’s Tables for Statisticians 
and Biometricians, from Part I of which two tables are abstracted, and R. A. 
Fisher’s Statistical Methods, to the 1928 edition of which reference is made. 
No reference is made in connection with “grouping error” to Sheppard’s 
corrections, to the recent English work on “ controlled samples ” (p. 127), nor 
in connection with correlation by rank (p. 141) to Spearman’s Footrule. The 
distinction that Karl Pearson has drawn between rank and grade is not 
followed (though grade, of course, has a special meaning in American school 
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administration) and the chapter on z-score has no reference to Fisher’s z. 
We should like to have seen an observation that if ages are recorded in years 
and completed months (p. 27) that the average age of a class will approximate 
to half a month too smali, a definition of skewed positively (does this mean 
skewed to the right, i.e. with the tail to the right, or to the left?) an illustration 
of a J-shaped curve (referred to on p. 93 though not defined on p. 48). There 
could also usefully have been included a reference to the spurious index corre- 
lation that may give rise to fallacies when used, e.g. with I.Q. and age. The 
statement (p. 163) that an oval can be drawn round the tallymarks of a 
scatter diagram is misleading, particularly for the sort of chart that is given 
in the inside back cover of the Course for a population of 50. It may be 
noted that the standard form used would be improved if the chart included 
the check on xy by adding the totals of columns. A general section on the 
fundamental principles of metrology would be of value: at present various 
points are scattered throughout the book. 

We are interested to find the paradox “ top in all but not top in any ” noted 
and to see American experience confirm ours in giving, for any one school 
class, a negative correlation between age and ability, though we are not aware 
of English figures corresponding to (p. 188), “in almost any high school or 
college course there is a negative correlation (generally about — -30) between 
grades earned and number of hours spent in study ”’. 

The books, as already indicated, form a good guide to the subject. Those 
of us who have attempted to explain fallacies in the handling of marks, etc., 
will particularly enjoy the masterly way in which the author deals with the 
question of correlation and the effect of selection on the measures thereof. 
We recommend the course to all who want a stimulating non-mathematical 
but sound introduction to some of the ideas needed for the correct handling of 
educational statistics. Frank SANDON. 


Coordinate Solid Geometry. (Chapters I-IX of An elementary treatise on 
coordinate geometry of three dimensions.) By R. J. T. Bett. Pp. xiii, 175, 
xliii. 7s. 6d. 1938. (Macmillan) ; 

For nearly thirty years ‘“‘ Bell” has been a household word among English- 
speaking students, for its copious store of examples and the clarity of its 
exposition. Fault may be found with its failure to emphasise the basic prin- 
ciples of elementary algebraic geometry, a failure which accounts for its 
occasional use of inappropriate methods (see, for example, § 73, on the enve- 
loping cone); but it is a most useful text-book. For examination reasons, 
many students do not need more than the chapters which cover the properties 
of quadrics referred to principal axes, including properties of plane sections 
and of generators. These chapters (I-[X) are now issued as a separate work,* 
with the appropriate exercises from the original set of Miscellaneous Examples, 
and, for good measure, a new set of Miscellaneous Examples. This separate 
work will certainly be popular with a very large class of students and may 
therefore be even more useful than the original treatise. TA AB, 


met First Analytical Geometry. By Joun Mune. Pp. iv, 60. 1s. 6d. 1938. 
(Bell) 

Candidates for the higher grade papers in Mathematics of the Scottish 
Leaving Certificate Examinations are required to know the main features of 
the analytical geometry of the straight line and circle. Since this innovation 
was introduced about five years ago many small books, almost pamphlets, 


* The omitted chapters (X-XVII) deal with the general equation of the second 
degree, with systems of quadrics and with differential geometry. 
2M 
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have appeared dealing with this part of the subject. As this acquaintance with 
analytical geometry is required for approximately one-third of one of the two 
papers, it means that any book written for the purpose must be cheap, concise, 
and of the “ cram” variety. This book, written for the purpose, is cheap, but 
it is so concise that it is definitely not at all clear ; in fact it is extremely un- 
likely that the better pupil could “‘ get up ” the necessary bookwork by its aid 
alone. In the smaller secondary schools where candidates for the higher grade 
papers will be taught simultaneously with those for the lower grade papers, 
the usual proceedure is for the former to work at this, and other parts of the 
course, unaided while the teacher is attending to the very pressing needs of 
the lower section. Mr. Milne’s book would not fit in with this method. Its 
best features are the examples, those that are worked in full and those that 
have to be worked, and its weaknesses are due most probably to the author, 
who is the lecturer in Mathematics at the Aberdeen Training Centre, not 
having first-hand acquaintance with the problems and perplexities of a teacher 
preparing candidates for an examination in analytical geometry for which this 
book purports to be of some assistance. a. 


Higher Papers in Applied Mathematics. By R. J. Futrorp. Pp. 143. 
2s. 9d. 1938. (Arnold) 


This is a collection of examination questions arranged in papers and care- 
fully graded, in three different sets. Sets 4 and B each have 10 Statics papers, 
10 Dynamics, 5 Hydrostatics, and 10 General. There are 10 C papers, con- 
taining more difficult questions of the type set in ‘‘ Distinction ” and “* Scholar- 
ship” papers. The book thus provides revision papers for all stages of a 
Higher School Certificate and Intermediate Degree course. 

Examination questions must be ‘ safe” and hence the questions here are 
not very practical. Each paper has questions well spread over the syllabus, 
and a boy should not need to do many at each standard ; if he did, the papers, 
being similar in type, would tend to become monotonous. The introduction 
of rotation about a fixed axis into the B papers gives an illustration of the 
standard of difficulty. The results appear to be accurate, though there is one 
mistake in B. 19, No. 1, where the omission of an index gives an answer in a 
wrong dimension. Units are treated carefully, most of the numerical results 
being in gravitational units, but in B. 4, No. 1 a weight is given as w lb. and 
w=4,/3 lb. is required to be proved, again in C. 4, No. 7 units are given for 
some quantities and not for others. 

The book then should be useful to supplement a good text-book, especially 
for those boys who have been through a full course, but need further practice 
to consolidate their ideas. K. 3. 


Complete Commercial Arithmetic for Professional Examinations. By H. 
Harman. Pp. 214, iv. 4s. 6d. 1938. (Arnold) 

This book is intended for those preparing for the arithmetic examinations of 
professional bodies such as the Chartered Institute of Secretaries. It contains 
chapters on multiplication, division and other elementary topics, but most of 
the book deals with the commercial aspects of the subjects. The topics dealt 
with include rates, bankruptcy, partnerships, interest, exchanges, discount, 
stocks and shares, annuities, depreciation and sinking funds, and the problems 
range from fairly simple ones to those of a somewhat intricate character. The 
book has one serious pedagogical defect. There is little attempt at appealing 
to the intelligence of the student. The method usually adopted is to present 
a problem and follow it up by a bald statement of a rule for solving it. This 
book is therefore of use to the informed student requiring a revision course or 
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to those having the guidance of a good teacher, but would not be suitable for 
the average student who is without additional guidance. 

Practically all the problems can be tackled with a thorough grasp of the idea 
of proportion, but the author fails to drive this idea home. The two examples 
on compound proportion are worked by the unitary method and the ratio 
method receives only a passing mention. Mensuration, from the rectangle to 
the sphere, has 38 examples, which is barely sufficient for a revision course, 
and the same is true of the chapter on logarithms. Many of the worked 
examples contain such statements as 


OC (1 =log OC +N log(1 


This brevity is reflected in the cursory explanations of stocks and shares and 
other topics, and these would not be very intelligible to those not already 
familiar with these subjects. The best part of the book consists of the examples 
at the end of each chapter, nearly all of which have been taken from various 
examinations. These should be of great help to those preparing for these 
examinations. S. Inman. 


A School Arithmetic. By W.G. Borcuarpt. Pp. xii, 547, Ixxiv. 5s.; in 
two parts, 3s. each. 1938. (Rivingtons) 


In his preface the author states that he has followed a large number of 
recommendations of the report of the Mathematical Association, and an 
examination of the book confirms this. The main essentials of a school arith- 
metic book are copious sets of examples of the right kind. The examples in 
Mr. Borchardt’s book are of the right kind, and in nearly every case copious— 
sometimes very copious. The usual sixty pages or so on the four rules are 
omitted and replaced by twenty revision papers with which the book com- 
mences. As these topics are studied in the pre-secondary school stage, this 
omission will not be missed. Some teachers would probably like a few short 
supplementary sets on multiplication of money and other topics in addition to 
those which occur in the revision papers mentioned. The only other subse- 
quent topic which is not followed by numerous exercises is decimalization of 
money. 

The most important subject in arithmetic is unquestionably proportion, and 
most books do not treat this subject with the thoroughness it deserves. The 
average pupil can easily do a score of examples in a period and what he needs 
is not scores but hundreds of exercises on that subject. The mistake, however, 
is to do even one of them by the unitary method—at least in a secondary 
school and probably in any school. In my opinion the unitary method is not 
a help, it is a hindrance to grasping an important mental process. In spite of 
this, I have seen only one school arithmetic—not the one reviewed—which 
uses the ratio method only. However, Mr. Borchardt’s book contains a large 
number of examples, and that is the important thing from the teacher’s point. 
of view. The subject also receives a treatment from the functional aspect, but: 
the subject of straight line graphs should have succeeded, not preceded, the 
general treatment of proportion. Other topics which receive particularly full 
treatment are logarithms, mensuration and graphs. 

Careful attention is paid to approximate values, significant figures, and the 
influence of errors on results. There is, however, a lapse in another part of the 
book when a compound interest sum is worked : 

Amount = £245-7 x 1-03?° 
= £245-7 x 1-8061 (from 5-figure interest tables) 
= £443-759 
= £443 15s. 2d. 
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The 6-figure result is entirely unjustified by the data. Also in dealing with 
contracted methods, the author makes his rules depend on decimal figures, 
instead of on significant figures, although the latter must be considered 
essential for a successful approach to the subject. It would have been an ad- 
vantage if the author had put part of the general sections on square root and 
mensuration in Part I, which would then have become a very useful junior 
school arithmetic. There are 143 revision papers distributed throughout the 
book in groups. Each group is in two sections, the first containing examples 
on computation and straight-forward revision, and the second consisting of 
harder examples and problems. There are also about 100 problems at the end 


of each part and the answers to the numerous exercises occupy 74 pages. 
8. Ivan, 


A School Arithmetic. By J. B. Cannon and A. McLutsx Smiru. Pp. xiii, 
412, 63. With answers, 4s. 6d. ; without answers, 4s. Part 1: with answers, 
2s. 3d. ; without answers, 2s. Part II: with answers, 3s. ; without answers, 
2s. 9d. 1938. (Longmans Green) 

Modern School Arithmetic. By R. N. Hayeartu and E. V. Smit. Pp. 305. 
With answers, 3s. 6d. ; without answers, 3s. 1938. (Harrap) 

These are sound, well-printed text-books that should be adequate for 
ordinary school purposes. Both regard proportion as an application of ratio ; 
both anticipate the difficulty of the negative characteristic in logarithms by 
exercises such as “ Find 3-3+ 1-8” ; both give the mil method of decimalising 
money to three places without any warning of a lurking danger; both give 
exercises on the evaluation of series where 

u,=a" or a*jn!. 

The Modern school arithmetic devotes two early pages (77-78) to a discussion 
of accuracy in measurement and later (pp. 255-257) deals with percentage 
error, concluding with a short, and probably inadequate, chapter on contracted 
methods. In spite of this attention to the degree of accuracy, the authors 
obtain on p. 210 by the use of four-figure logarithm tables £115 15s. 3d. as the 
amount of £100 in 3 years at 5% compound interest. 

In the same book the brief treatment of joint variation leaves something to 
be desired. After two examples which should lead the pupil, dealing with the 
area of a rectangle, to expect 
A, a,b, a 


we find A, = a, 
A A 

a,b, a,b, 


with no explanation of the connection and no suggestion of how this leads to 
the idea used on p. 243, 
V/r2h =a constant number z, 


and then follows a worked example on wind pressure where the treatment is 
P,/P,=V,?/V,* again with no explanation of a connection. Slaves to their 
desire for conciseness, the authors fail, in this chapter, to give the pupil a clear 
lead. 

The School arithmetic includes chapters on commercial arithmetic, including 
Stocks and Shares, explains such terms as “ commission ”’, “ bankruptcy ”, 
etc., and gives 7-figure logarithms for (1 + 7/100)" for use in compound interest. 

F. C. B. 
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Exercises in Algebra. Pp. 269. With answers, 3s. 6d.; without answers, 
3s. Teachers’ book. Pp. 36, 273-352. 2s. By M. J. G. Heartey. 1938. 
(Harrap) 

The author regards algebra us generalised arithmetic and the first exercises 
are on :—the shorthand of algebra ; generalised statements ; the reading, use 
-and construction of formulae. As the subject proceeds the pupil is introduced 
to the bookwork by oral questions. Logarithms are introduced by a set of 
-exercises in which the following graphs are drawn and used : 


27, 3%, (/2). 


The book covers progressions, easy variations, surds, remainder theorem, 
simple permutations and combinations. There are numerous test papers. 
Ex. XXX consists of 20 problems from Euclid, Diophantus, etc. ; two are in 
German, five are in French. 

The Teacher’s Book expresses the author’s creed, gives advice to teachers 
-and gives a brief summary of essential bookwork. 


The ABC of Algebra. By P. B. Battarp. Pp. 128. Limp cloth, Is. 7d. ; 
paper, Is. 5d. 1938. (University of London Press) 

First Year Algebra. By P. J. Smiru. Pp. 64,xv. With Answers, Is. 6d. ; 
without Answers, Is. 3d. ; Answers separately, 8d. 1938. (McDougall) 

These two introductory algebras present a striking contrast. Dr. Ballard 
.seems to revert to the manipulative algebra of a past generation ; for example, 
his pupil learns that z®°=1 and factorises trinomials before arriving at the 
simple equation. Mr. Smith’s pupil finds ‘“‘ the formula ” on the 4th page and 
simple equations on the 7th. Mr. Smith’s readers do graphs and are not 
introduced to the factors of a*- 6°. Dr. Ballard’s pupils learn the identities 
for (a +6)* and (a —b)* and are not introduced to graphs. 

Mr. Smith’s introduction supplies Dr. Ballard’s excuse “‘ Manipulative skill 
grows very slowly”. The difference in attitude of the two books is that of 
the foreman carpenter and the woodwork instructor. The former makes the 


apprentice skilled with his tools before putting him on to a job, the latter puts 


him on to a job to teach him how to use the tools. The appeal of the former 
is to an ideal of good craftsmanship, of the latter to the interest of the job. 
It would be wrong to imagine that Dr. Ballard’s preoccupation with mani- 
pulation implies dullness. Take these examples: the opening sentences are 
“ Instead of 7 men, 7 tons, 7 miles, 7 days, etc., I can write 7. That is arith- 
metic. Instead of 1, 2, 3, 4, 5, 6, etc., I can write n or x or any other letter ”’. 


“‘ Brackets make bundles.’’ ‘‘ Compare these two multiplication sums: i 
82*+42+6 
Compare these two sums 
+ 482 + 42 
If x=10, ete.” 


Indeed Dr. Ballard continually emphasises that algebra is a generalisation 
of arithmetic. 
Both books stop short of quadratic equations. F. C. B. 


| 
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The Young Citizen’s Arithmetic. I-III. By W.G. Pornts. Pp. 80, xvi; 
80, xii; 88, xii. 1s. 6d. each ; without Answers, ls. 3d. each. 1938. (Oxford 
University Press) 

The apt and modest title contrasts favourably with ‘“‘ Arithmetic of Citizen- 
ship ’, a misleading and pretentious title under which commercial arithmetic 
sometimes masquerades. The books are intended for pupils of “ 11 plus ”’. 

The author aims at excising troublesome computation and concentrates 
on drawing the material for his examples from a wide field of everyday experi- 
ence. For example, from a grocer’s price list the pupil has to make out bills 
for a woman’s purchases for four weeks, find the average weekly bill, etc. 
(Bk. I). From a motorist’s log he has to find average speed, number of miles 
per gallon, etc. (Bk. III). The mensuration questions are set on diagrams of 
which the scale is given ; for example, a plan of a house with garden (lawns, 
etc.) is given and the pupil has ten questions to answer on areas, cost of turves, 
cost of fertilizer, etc. 

In one or two cases the headings of the table containing the data are obscure ; 
for example, the page of the pass-book of a member of a Cooperative Society 
(Test 16, Bk. II) may present no difficulty to an intelligent member, but with- 
out some explanation of the terms the pupil and possibly the teacher would 
be working in the dark. These are small blemishes in books of which the 
merit is clearly apparent. 


Geometry for Schools. By A. H. G. Patmer and H. E. Parr. Pp. xii, 
367, xii. 4s. 6d. 1938. (Bell) 

The main feature of this geometry is the inclusion in it of a large number of 
very easy examples. 

The book consists of the usual standard theorems and constructions set out 
neatly and succinctly in the form in which the pupil would reproduce them, 
arranged in groups, with very little preliminary explanation, and followed by 
copious sets of examples divided into sets labelled a, 6, c. Of these the a 
examples are very easy and the 6 examples are claimed to be of the “‘ standard 
usually to be found in text-books”’. I think that the authors are wrong in 
supposing that other text-books do not as a rule contain examples as easy as 
those they label a, but at any rate here the a-standard examples are more 
numerous and more clearly labelled than usual. The c and miscellaneous 
examples are mainly School Certificate questions intended for revision. With- 
out these, the examples are ample and more than ample in number for a first 
course ; on the other hand sets of examples preliminary to and leading up to 
the groups of theorems are almost entirely absent. 

Of the 70 theorems included (counting such as 37a and 376 separately), some 
23 are placed in an appendix, so that the weaker pupils may not be concerned 
with them. Those selected for this fate are some of the basic theorems on 
congruent and similar triangles, most of the converses and the two groups of 
inequalities and concurrence of lines in a triangle. 

The book, according to the preface, conforms closely to most of the recom- 
mendations made in the second Report of the Mathematical Association on the 
teaching of geometry ; to this, however, there is one most unfortunate ex- 
ception. Though there is little explanation about solid geometry in the book, 
it contains some 70 examples with solid figures and to make some of these 
clear it is explained that the parallelepiped ABCDEFGH means one whose 
diagonals are AE, BF, CG, DH whereas the M.A. Report made the firm 
recommendation that ABCDEFGH means a figure in which ABCD, EFGH 
are parallel faces joined by edges AH, BF, CG, DH. There is probably not. 
much to choose between the notations, but this is just one of the cases, like 
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that of the rule of the road, when the important thing is that everyone should 
adopt the same convention. It is to be hoped that in a second edition dia- 
gonals here may be changed into edges. 

The work is arranged in the Stage C order but some sensible suggestions are 
made for varying this in Stage B by taking angle properties of the circle and 
first courses on similar triangles and on ratio properties early while postponing 
to a later part of the course the extensions of Pythagoras’ theorem. 

It may be noted that in these “‘ extensions” the formulae for (a +p)? and 
(a — p)* are assumed without any suggestion that they need geometrical illus- 
tration ; there is very little of algebra applied to geometry in the book, nor 
is there anything in the way of introduction to more advanced geometry, unless 
the section on concurrence is so reckoned ; the aim and end of the book is 
School Certificate. C. O. TuckEy. 


The Status of Teachers of Secondary Mathematics in the United States. 
By Ben A. Suetrz. Pp. 151. 1934. (Cortland, New York) 


This study, which was prepared for the American Committee of the Inter- 
national Commission on the Teaching of Mathematics, presents comprehensive 
data concerning the professional qualifications, ages, sex, salary and conditions 
of work of teachers of mathematics in American secondary schools during 
1931-32. Statistics of this nature are more easily obtained in the United 
States than in this country, but Mr. Sueltz and his assistants must have taken 
enormous trouble to collect and sift their information. They were able to use 
material collected from 465,000 teachers (not necessarily of mathematics) in 
the public elementary and secondary schools by the officially sponsored 
National Survey of the Education of Teachers (1931). From this wealth of 
information concerning more than 50 per cent. of the total number, of teachers 
in the country was extracted 4000 answers (4 of those available) from teachers 
of mathematics in public senior high schools. For the purpose of checking 
and supplementing this information an independent inquiry was made in 
which 1032 teachers of mathematics gave detailed replies to an even larger and 
more searching questionnaire. 

The problems of secondary school education in America differ considerably 
from those of this country. Within a period of thirty years the proportion of 
the child population of secondary school age actually attending secondary 
schools has risen in the U.S.A. from 10 per cent. to more than 50 per cent. 
(1932). An extension of secondary education on this enormous scale inevitably 
involves some dilution of standards. Some attempt has been made to provide 
special curricula, especially in the Junior High Schools, but it seems that the 
teaching of mathematics still tends to be too academic for the needs of the 
average pupil. 

A special problem affecting the efficiency of teaching of mathematics in 
America arises from the composition of the teaching profession. At the time 
of the enquiry the majority of secondary school teachers were women (48 per 
cent. of the group of mathematics teachers concerned in the main enquiry). 
Comparatively high initial salaries encourage entry into secondary teaching, 
but many American teachers leave after a few years to “‘ seek new careers in 
marriage, business, or other non-teaching fields”. This is strikingly illustrated 
by the fact that the median age of the teachers of mathematics considered 
was ‘‘in the upper twenties”. The large proportion of 40 per cent. had had 
five or less years of experience in teaching. While the academic preparation of 
American teachers of mathematics is inadequate if judged by our standards 
in this country, nearly all appear to receive specific instruction in educational 
theory. The comments of the teachers themselves upon the value of this aspect 
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of their training indicate considerable differences of opinion. It is perhaps 
significant that their answers to the question which asked for the chief factors 
contributing to their success as teachers of mathematics stressed an under- 
standing of boys and girls as being the most important. (“ A natural inclina- 
tion for teaching ” was a good second.) 

In spite of the differences indicated the constructive suggestions made at 
the conclusion of this study should be of interest to those who are concerned 
with the early educational training of teachers of mathematics in this country. 


Nouveaux Eléments d’Analyse. Calcul infinitésimal. Géométrie. 
Physique théorique. II. Variables complexes. By A. Bunt. Pp. vi, 214. 
90 fr. 1938. (Gauthier-Villars) 

This second volume of M. Buhl’s synthesis of pure mathematics and theo- 
retical physics is concerned with the complex variable and some of its appli- 
cations. The plan was sound; so much of the theoretical physics of to-day 
is severely abstract, pure mathematics not masked but recognised and even 
exalted. But the execution is hardly as good as the plan; the style seems 
jerky in comparison with that of the French classics ; we are introduced to 
many ideas described as of great importance, but some of these swans are, 
I fear, geese ; there is a padding of formal manipulation (the gamma function, 
the elliptic functions) which could be found in any Cours d’ Analyse. 

In spite of these defects, the book is interesting and stimulating. The first 
chapter, “ Préliminaires formels”’, puts, rather sketchily, some well-known 
facts in a new light. The last chapter, “Charles Hermite et la Physique 
théorique ’’, is a clear and concise account of Hermitian forms and their im- 
portant réle in the equations of mathematical physics; this is the most 
valuable chiypter in the volume. Chapter VI gives an elegant though rather 
formal account of summability based on Cauchy’s double integral; this 
material is mainly drawn from Buhl’s own tract on this subject in the 
Mémorial series. The other chapters are more ordinary and contain little 
that cannot be found in many other places. 

The mathematical physicist may find the book suggestive but confusing ; 
the pure mathematician will probably accept it as 4 wayward but entertaining 
companion to the classic French treatises on analysis. ‘T.. Bs, ie-dae 


Modern Higher Algebra. By A. A. ALBERT. Pp. xiv, 319. 18s. 1938. 
(Cambridge) 

This book was published earlier in the year by the University of Chicago 
Press, whose agents in England are the Cambridge Press, and a full review 
appeared in the Gazette for July, pp. 306-7 ; but it should be added that it is 
now published by the Cambridge Press and is available in the familiar blue 
uniform. T. A. A, 


Answers to “‘ Elementary Mathematical Analysis’’. By T. Herpera. 
Pp. 10. 6d. 1938. (D.C. Heath, Boston ; Harrap) 


A review of Herberg’s book in the October Gazette deplored that no answers 
were supplied. Answers are now available, published separately, at 6d. 


PRINTED IN GREAT BRITAIN BY ROBERT MACLEHOSE AND CO. LTD. 
THE UNIVERSITY PRESS, GLASGOW 
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LONDON BRANCH. 


THE opening meeting of the autumn session was held at Bedford College on 
Saturday, 9th October, 1937, when a large audience of over 120 members and 
visitors heard an address from Mr. C. W. Parkes, H.M. Staff Inspector, on 
“The First Year’s Course in Geometry’. Mr. Parkes began by considering 
the secondary school geometry course as a whole. For most pupils it would 
last five years, and would be divided into the familiar stages—preliminary, 
deductive, systematising. The core of the work would be the discovery and 
establishment of facts, i.e. rider-work : the essential facts of geometry should 
be as well known as the multiplication tables, and should be as widely used. 
A most important quality of good geometry teaching was creation of con- 
fidence in the pupil. Invariably geometry was weak where confidence had 
been destroyed. Less time might be given to getting up propositions. Theo- 
retical geometry should be related to its practical applications. 

The first year’s course would aim at introducing the pupil to the funda- 
mental facts of geometry through material things. Definitions would be 
evolved (though it should be remembered that certain concepts were unde- 
finable) and a new language built up. Concrete things should be used as much 
as possible : solids should be seen and handled, their nets and principal sections 
drawn. The term “angle ’’, and the estimation and measurement of angles 
needed much attention. The three-letter nomenclature for angles was often 
not thoroughly familiar. It should be made so, but the use of a single small 
letter for the size of an angle should be encouraged. Instruments were some- 
times used unnecessarily: freehand figures were often sufficient. Measure- 
ment should not be used for establishing geometrical properties. 

Mr. Parkes discussed in detail the treatment of important topics of the first 
year course ; amongst these were congruence, similarity and the idea of a locus. 
He concluded by referring to the recent report on “ Senior School Mathe- 
matics”. Some of the suggestions in this report might be considered by those 
teaching geometry in secondary schools. 

Considerable discussion followed and a dozen members contributed sugges- 
tions. It was unanimously agreed that the paper had been unusually helpful 
and stimulating. 

At the Friday evening meeting held on 12th November a stimulating paper 
was read by Professor W. M. Roberts, of the Royal Military Academy, on 
“Some Points in the Teaching of Mechanics”. About forty members were 
present, with Professor Hamley in the chair. The speaker began by indicating 
various stumbling-blocks in the teaching of statics. First, there was the 
inability to realise that forces must act on a body. It was wise to begin by 
drawing some sort of body, and then to insert the forces acting, using coloured 
chalk. A second weakness was revealed here. Pupils would not insert all 
the forces acting on a body, and when more than one body was concerned 
they did not understand that the law of action and reaction implied that the 
action was a force on one body, the reaction a force on another. A good illus- 
tration here was the analysis of the forces on the connecting rod of an engine. 
Other illustrations were the winning of a tug-of-war, the frictional force in a 
bearing or journal. Incidentally it was wise to calculate frictional forces at 
an early stage, but to defer limiting friction and the familiar symbol y» until 
later. 

Professor Roberts then turned to dynamics, and said that he was increasingly 
impressed by the difficulties pupils found in understanding the principles of 
this subject. He believed that calculus should be used at an early stage to 
modify the use of constant acceleration formulae. Energy and momentum 
should be contrasted in every possible way—e.g. by considering in detail the 
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problem of collision, by comparing the energy and momentum of a fast pro- 
jectile and a moving ship, the impact of a bullet or a jet of water on a plate. 
In rigid dynamics pupils should be made to realise the importance of the 
centre of gravity, and that they could not take moments about any point. 

On 27th November Professor Lancelot Hogben, F.R.S. (Regius Professor 
of Natural History in the University of Aberdeen), gave the Presidential 
Address on ‘‘ The Needs and Difficulties of the Average Pupil’. Eighty-three 
members and visitors were present. This stimulating and provocative address 
will appear in an early issue of the Gazette. 


YORKSHIRE BRANCH REPORT FOR 1937. 


Tue Spring Meeting of the Branch was held at Leeds University on Saturday, 
6th February, at 3 p.m. Dr. K. Mitchell of Leeds University gave a paper 
entitled “‘ The Photo-electric effect and some applications”. He traced the 
development of the effect from its discovery by Hertz fifty years ago, and 
then gave an account of many interesting applications with the Relay. The 
lecture was illustrated by lantern slides and proved very enjoyable. 

This was followed by a paper from Mr. A. Montagnon of Leeds Grammar 
School on “ Mass Production in Mathematics”. This dealt chiefly with 
Advanced Course work, and the lecturer contended that the modern H.S.C. 
examinations had the effect of forcing VIth Form work into a deadly routine 
and so stifling the development of the really able pupil. This paper was 
followed by a lively discussion in which many members took part. 

The Branch Dinner was held in Leeds on Saturday, 6th March, at 7 p.m. 
There were 27 members and friends present, and the guest of the Branch was 
Professor G. R. Goldsbrough of Armstrong College, Newcastle-on-Tyne. Dr. 
K. Mitchell proposed the toast of ‘‘ The Guest”, and Professor Goldsbrough 
replied, giving an interesting talk on the way in which the mathematical 
explanation of natural phenomena was developed and corrected. Lt.-Col. 
E. N. Mozley proposed ‘‘ The Yorkshire Branch ’’, and the President (Mr. 
R. M. Gabriel) replied. 

The Summer Meeting was held at Ripon Grammar School on Saturday, 
19th June, at 3 p.m. Mr. C. W. Tregenza (H.M.I.) gave an interesting and 
stimulating paper on “ The Teaching of Geometry”. He dealt chiefly with 
Main School Geometry, first considering the allocation of time in the general 
syllabus for the three stages in the development of the subject—Introductory, 
Deductive, Systematisation. The content of these courses was then discussed, 
and the lecturer concluded by suggesting methods for the detailed treatment 
of various topics. The paper was followed by an animated discussion in which 
many members took part and which only the limits of time forced to a close. 
At the conclusion of the meeting those present were invited to tea by Lt.-Col. 
and Mrs. Mozley, and so concluded one of cur most successful summer 
gatherings. 

The last meeting of the year was held at Leeds University on Saturday, 
13th November, at 3 p.m., when Mr. W. G. L. Sutton of Leeds Technical 
College gave a paper entitled ‘“‘ The Teaching of Mathematics to Evening 
Technical Students ”. The lecturer began by stressing the peculiar difficulties 
which arise in connection with evening technical work in Mathematics, and 
pointed out that the teacher must first win the interest of the students and 
then retain it by making the work as little abstract as possible. This brought 
its attendant difficulty in that it tended to make the course a mere hotch- 
potch of details, and the lecturer thought that this could be avoided if the 
teacher discovered some unifying idea on which to build and suggested that 
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the “ functional relation ” was such an idea. By the numerical and graphical 
study of functions much directly applicable Mathematics could be included 
in a way which avoided abstractions and maintained interest. The lecturer 
then went on to describe the work in connection with some particular relations, 
and concluded with an application of the ideas to the study of the Exponential 
and Logarithmic Functions. Considerable discussion followed, and it was 
clear that the ideas expressed had proved interesting to teachers of all kinds 
and not only to those engaged in evening schools. H. H. Warts, Hon. Sec. 


ANNUAL MEETING 1939. 


Tue Programme Committee for the Annual Meeting in 1939 is anxious that 
all members of the Association should feel assured that their suggestions for 
papers or discussions will be welcomed and carefully considered. Members 
should not hesitate to ask for particular topics because they themselves may 
be unwilling to read the paper or to open the discussion. 

The usual printed slip will be sent out with the May Gazeite, but offers to 
read papers or requests for topics may be sent to the Committee at any time. 

W. J. Lanarorp, 
Hon. Sec. Programme Committee. 

The Grammar School, Bideford. 


BOOKS RECEIVED FOR REVIEW. 


F. Béhm. Versicherungsmathematik. I. Elemente der Versicherungsrechnung. 
2nd Edition. Pp. 151. RM. 1.62. 1937. Sammlung Géschen, 180. (Walter de 
Gruyter, Berlin) 

G. Bourion. L’ultraconvergence dans les séries de Taylor. Pp. 46. 12 fr. 1937. 
Actualités scientifiques et industrielles, 472 ; exposés sur la théorie des fonctions, 
VIII. (Hermann, Paris) 

G. Bouligand et J. Devisme. Lignes de niveau. Lignes intégrales. Introduction a 
leur étude graphique. Pp. viii, 154. 30 fr. 1937. (Vuibert, Paris) 

C. Carathéodory. Geometrische Optik. Pp. 104. RM. 9.90. 1937. Ergebnisse der 
Mathematik, Band IV, Heft 5. (Springer, Berlin) 

R.M. Carey. A school algebra. I, II. Pp. viii, 288. With answers, 4s. ; without 
answers, 3s. 6d. 1936. (Longmans Green) 

K. Doehlemann. Projektive Geometrie. Neue einbandige Ausgabe von H. Timer- 
ding. Pp. 131. RM. 1.62. 1937. Sammlung Géschen, 72. (Walter de Gruyter, 
Berlin) 

C. V. Durell and A. Robson. Hints for Advanced Algebra’. IJ, 2 parts. 
Pp. 32 each. 2s. 6d. each. 1937. (Bell) ‘ 

E. Foradori. Grundgedanken der Teiltheorie. Pp. 79. RM. 4.80. 1937. (Hirzel, 
Leipzig) 

W. Gontcharoff. Détermination des fonctions entiéres par interpolation. Pp. 48. 
12 fr. 1937. Actualités scientifiques et industrielles, 465 ; exposés sur la théorie 
des fonctions, VII. (Hermann, Paris) 

E. J. Gumbel. La durée extréme de la vie humaine. Pp. 63. 18 fr. 1937. Actu- 
alités scientifiques et industrielles, 520 ; statistique mathématique, II. (Hermann, 
Paris) 

G. Hamel. Integralgleichungen. LEinfiihrung in Lehre und Gebrauch. Pp. viii, 
166. RM. 9.60; geb. RM. 12. 1937. (Springer, Berlin) 

J. Karamata. Sur les théorémes inverses des procédés de sommabilité. Pp. 47. 
12 fr. 1937. Actualités scientifiques et industrielles, 450; exposés sur la théorie 
des fonctions, VI. (Hermann, Paris) 
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R. Lambert. Structure générale des nomogrammes et des systémes nomographiques. 
Pp. 64. 15 fr. 1937. Actualités scientifiques et industrielles, 493; procédés 
généraux de calcul, I. (Hermann, Paris) 

B. Levi. Analisi matematica algebrica ed infinitesimale. Pp. vii, 541. L. 80. 
1937. (Zanichelli, Bologna) 

O. Onicescu et G. Mihoc. La dépendance statistique. Chaines et familles de chai 
discontinues. Pp. 46. 15 fr. 1937. Actualités scientifiques et industrielles, 503 ; 
exposés d’analyse générale, VII. (Hermann, Paris) 

R. Rothe. Differentialgeometrie. I. Raumkurven und Anfénge der Flédchen- 
theorie. Pp. 182. RM. 1.62. 1937. Sammlung Géschen, 1113. (Walter de 
Gruyter, Berlin) 

B. Russell. Zhe principles of mathematics. New impression. Pp. xxxix, 534. 
18s. 1937. (George Allen and Unwin) 

A. Speiser. Theorie der Gruppen von endlicher Ordnung. 3rd edition. Pp. x, 262. 
RM. 15; geb. RM. 16.50. 1937. Die Grundlehren der mathematischen Wissen- 
schaften, 5. (Springer, Berlin) 

B. A. Sueltz. The status of teachers of secondary mathematics in the United States. 
Pp. 151. N.p. 1934. (New York) 

J. L. Synge. Geometrical optics. An introduction to Hamilton’s method. Pp. ix, 
110. 6s. 6d. 1937. Cambridge Tracts, 37. (Cambridge) 

A. Tarski. Linfiihrung in die mathematische Logik und in die Methodologie der 
Mathematik. Pp. x, 166. RM. 7.50. 1937. (Springer, Vienna) 

S. E. Urner and W. B. Orange. Intermediate algebra. Pp. xv, 432. 12s. 1937. 
(McGraw-Hill) 

J. V. Uspensky. Introduction to mathematical probability. Pp. ix, 411. 30s. 
1937. (McGraw-Hill) 

J. H. Woodger. The axiomatic method in biology. Pp. x, 174. 12s. 6d. 1937. 
(Cambridge) 

H. Zassenhaus. Lehrbuch der Gruppentheorie. I. Pp. vi, 151. RM. 13; geb. 
RM. 13.75. 1937. Hamburger mathematische Einzelschriften, 21. (Teubner) 

Briefwechsel Cantor-Dedekind. Edited by E. Noether and J. Cavaillés. Pp. 60. 
20 fr. 1937. Actualités scientifiques et industrielles, 518. (Hermann, Paris) 

Factor tables giving the complete decomposition into prime factors of all numbers up 
to 256,000. Compiled by G. Kavan. Pp. 513. 42s. 1937. (Macmillan) 

Scripta Mathematica Forum Lectures. Addresses by C. J. Keyser, D. E. Smith, 
E. Kasner, W. Rautenstrauch. Pp. 94. $1; postage 10 cents. 1937. The Scripta 
Mathematica Library, 3. (Yeshiva College, New York) 


BUREAU FOR THE SOLUTION OF PROBLEMS. 


Tuis is under the direction of Mr. A. S. Gosset Tanner, M.A., 115, Radbourne 
Street, Derby, to whom all enquiries should be addressed, accompanied 
by a stamped and addressed envelope for the reply. Applicants who must 
be members of the Mathematical Association, should wherever possible state 
the source of their problems and the names and authors of the textbooks 
on the subject which they possess. As a general rule the questions submitted 
should not be beyond the standard of University Scholarship Examinations. 
Whenever questions from the Cambridge Mathematical Scholarship volumes 
are sent, it will not be necessary to copy out the question in full, but only 
to send the reference, i.e. volume, page, and number. The names of those 
sending the questions will not be published. 

The Secretary would be glad to receive any solutions that have not yet 
been returned. 
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DEPARTMENT OF SCIENTIFIC AND INDUSTRIAL RESEARCH. 
Rapio RESEARCH BoarD. 


A Note on Certain Types of Non-linear Differential Equations 
involved in Radio Engineering. 


THE object of this note is to bring to the notice of mathematicians certain 
types of non-linear differential equations involved in the technique of radio 
engineering. 

The mathematical technique already available for the explicit analytical 
solution of linear differential equations with constant coefficients has been of 
incalculable value to radio engineers. Indeed, it would not be too much to 
say that practically the whole of the theory of the design of apparatus for 
the generation, transmission, and reception of electric waves is based on the 
theory of the linear differential equation with constant coefficients. In many 
cases, however, the physical system corresponding to the linear differential 
equation is no more than an approximated simplification of the actual physical 
system, and the behaviour deduced from the analysis is correspondingly no 
more than an approximation to the actual behaviour of the system. 

The need has now arisen for a more complete understanding of the actual 
behaviour of certain assemblages of electrical apparatus, including thermionic 
valves. 

This requires that the physical system postulated for analysis shall be a 
closer approximation to the actual physical system. This in turn implies 
differential equations of non-linear types. For his own practical purposes, 
therefore, the radio engineer wishes to be able to find explicit analytical 
solutions for such equations, solutions having something of the same com- 
parative simplicity and utility as those available for the linear differential 
equations he is already familiar with ; that is to say, an explicit formulation 
of the dependent variable in terms of the independent variable and the para- 
meters of the system, preferably a formulation in terms of known or tabulated 
functions in order that the solution and its variation with the different para- 
meters may be evaluated in actual numbers without a prohibitive labour of 
computation. 

He finds that in general there is no existing analytical technique now avail- 
able for arriving at such solutions, and that, moreover, there appears to have 
been little systematic study of such equations by pure mathematicians, with 
the exception of Poincaré and Liapounov. Of recent years a number of 
attempts have been made at the solution of some of the simpler types, notably, 
for example, the equation 


d d 
+ky=0 


where S(y)= —a+by+cy*? + etc., ete. 


Such attempts have,: however, been made by persons who actually en- 
countered the need for such solutions in the course of their experimental work, 
that is to say, persons who were primarily physicists or engineers rather than 
mathematicians. 

It is possible that one reason for the apparent lack of published work in 
this field on the part of pure mathematicians may be in a deficiency of liaison 
between mathematicians on the one hand and engineers and physicists on 
the other. One of the objects of this note is at least to do something to meet 
that deficiency by calling attention to the fact that there is an actual and 
increasing need for really expert guidance in this matter. Another possible, 
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indeed probable, reason is that solutions of such equations, in the sense 
indicated above, do not, in fact, exist. That is to say, it may well be that 
any explicit solutions, even if obtainable, would be of so complicated a form 
that they would be no more useful, as a source of exact information about 
the behaviour of the system, than the original differential equations them- 
selves. Even in this case, however, the guidance and advice of the mathe- 
matician would be valuable in preventing the waste of time and energy spent 
in pursuit of a will-o’-the-wisp. 

In general, considerably less interest attaches to the precise numerical 
evaluation of the solution than to a knowledge of the dependence of the 
various elements of the solution, particularly the fundamental frequency, on 
the various parameters. The magnitudes of these parameters are at the 
disposal of the engineer and experimenter, and for him the important objective 
of an analysis is information as to the appropriate values to give to them in 
relation to some practical objective in radio communication. This means that 
analytical solutions, even complicated and implicit solutions, are likely to be 
of greater practical value than any form of graphical or numerical solution 
in which the individual parameters have lost their identity, and in which the 
significance of individual parameters can only be arrived at by evaluating 
numerical solutions over wide ranges of assigned values. 

In the hope that such guidance will be forthcoming if the questions are 
clearly put, a memorandum has been prepared dealing with the types of 
equation involved and the kind of information that is desired about the 
solutions of them. Copies of this may be obtained by application to the 
Superintendent, Radio Department, the National Physical Laboratory, 
Teddington, Middlesex. 


LONDON BRANCH. 


Tue Annual Business and Members’ Topics meeting was held at Bedford 
College on Saturday, 29th January. The Committee’s Report for the past 
year showed that membership was well maintained, but the Treasurer com- 
plained that owing to members allowing their subscriptions to fall into arrears, 
the balance was lower than usual. Professor G. B. Jeffery is the President of 
the Branch for 1938, and Professor Hamley is the Chairman. Mr. Daltry, who 
has been Secretary for seven years, has resigned, and Dr. H. J. Taylor of 
Whitgift Middle School has taken his place. 

The following topics were discussed : 

Mr. Siddons on “‘ Why should not small letters be used to denote angles, 
even in writing out theorems? ” 

Mr. Hughes on “ School Certificate Mathematics—time for further changes? ” 
—based on recent experience of Oxford and Cambridge Joint Board papers. 

Dr. Trubridge on “‘ Simple nomograms ”’. 

Mr. Sheppard on “ The child, his sums and his personal feelings ”’. 

The first two topics aroused keen and varied discussion. It was felt that 
small letters were helpful, but that any suffix notation was often not understood. 
On examinations the views of teachers and examiners were stated. It appeared 
that the time was ripe for further changes, but the meeting was not agreed 
that further changes would be welcomed by all teachers. 

C. T. Dattry, Hon. Sec. 


REPORT OF THE SYDNEY BRANCH FOR 1937. 


THERE are now 21 members of the Association connected with the Sydney 
Branch and 133 Associates. 
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The work of the Organising Committee has been valuable. The examination 
papers set at the Leaving Certificate and Intermediate Certificate examinations 
for 1936 were discussed and constructive criticism was offered at the 
meeting. 

At the regular meeting of the Branch in May, a long discussion took place 
concerning the course of study and the consequent examination in mathematics 
for the first three years of a secondary course of study. 

No meeting was held during the second term, as the New Education Fellow- 
ship Conference was being held in Sydney. It was felt that all efforts should be 
devoted to making that Conference a success. 

At the Annual Meeting, reports from the Hon. Secretaries and Hon. Treasurers 
were received. The officers for 1938 were elected as follows—President : Mr. 
H. H. Thorne; Vice-President : Professor E. M. Wellish ; Joint Hon. Secre- 
taries: Miss E. A. West, Mr. H. J. Meldrum; Joint Hon. Treasurers: Mr. 
A. L. Nairn, Mr. A. G. Aitkin. 

Mr. Mutton read a very interesting paper on “‘ The Division of the Triangle ”. 
The speaker traced briefly the history of the problem and its present position. 
He also gave an account of some original work done by him on the problem. 

H. J. Metprum, Hon. Sec. 


ST. ANDREWS MATHEMATICAL COLLOQUIUM. 


THE tercentenary of the birth of James Gregory will be celebrated at a Mathe- 
matical Colloquium. to be held in St. Andrews, Scotland, from 4th to 15th 
July, 1938, under the auspices of the Edinburgh Mathematical Society. This 
will be similar to the highly successful Colloquia of 1926 and 1934. 

Courses of lectures have been arranged on subjects of Pure Mathematics, 
Mathematical Physics, and Mathematical Biology. The list of lecturers in- 
cludes Dr. A. C. Aitken, Professor G. D. Birkhoff, Dr. W. O. Kermack, Pro- 
fessor H. W. Turnbull, and Professor E. T. Whittaker. Discussions on school 
mathematics are also promised ; and arrangements are to be made for sport, 
excursions, and musical evenings. 

By courtesy of the St. Andrews University Court, the Colloquium will be 
held in the University Hall, where members of the Colloquium may stay with 
their families. Accommodation being limited, early application is desirable. 
Full particulars may be had from Dr. I. M. H. Etherington, 16 Chambers 
Street, Edinburgh. An account of the 1934 Colloquium may be seen in the 
Math. Gazette, xviii, p. 248, Oct. 1934. 


THE JOURNAL OF THE GLASGOW MATHEMATICAL 
ASSOCIATION. 


Tue difficulties arising from the many new sequences in the teaching of 
school geometry led to the formation in 1927 of the Euclidean Society of 
Glasgow. That the Society decided in 1930 to broaden its base so as “ to 
provide opportunities for the reading of papers, and the interchange of ideas, 
in Mathematics, in the teaching of Mathematics and on related topics” is 
not surprising to those who know the history of our own Association. The 
first part of the Journal of the Glasgow Mathematical Association appeared in 
December 1936, the second in December 1937; each consists of 32 pages, 
and contains articles on elementary mathematics and its teaching. There 
are two historical articles, one on Monge, by Professor MacRobert, and one 
on James Stirling, by Dr. Dougall. 


viii THE MATHEMATICAL GAZETTE 


BOOKS RECEIVED FOR REVIEW. 


A. A. Albert. Modern higher algebra. Pp. xiv, 319. 18s. 1937. University of 
Chicago Science series. (University of Chicago Press; Cambridge University Press) 

M. Black. The teaching of mathematics. A bibliography. Pp. 14. 6d. N.d. 
(Christophers) 

T. M. Cherry. Newton’s Principia in 1687 and 1937. Pp. 28. 1s. 1937. (Mel- 
bourne University Press ; Oxford University Press) 


R. Courant und D. Hilbert. Methoden der mathematischen Physik. II. Pp. xvi, 
549. RM. 38; geb. RM. 39.80. 1937. Grundlehren der mathematischen Wissen- 
schaften, 48. (Springer, Berlin) 


W. P. Elderton. Frequency curves and correlation. 3rd edition. Pp. xi, 271. 
12s. 6d. 1938. (Cambridge) 


H. Ertel. Methoden und Probleme der dynamischen Meteorologie. Pp. 122. 
RM. 14. 1938. Ergebnisse der Mathematik, Band V, Heft 3. (Springer, Berlin) 


W.L. Ferrar. A text-book of convergence. Pp. vi, 192. 10s. 6d. 1938. (Oxford) 


G. H. Hardy. A course of pure mathematics. 7th edition. Pp. xii, 498. 12s. 6d. 
1938. (Cambridge) 

D. Hilbert und W. Ackermann. Grundziige der theoretischen Logik. 2nd edition. 
Pp. viii, 133. RM. 9.60; geb. RM.10.80. 1938. Grundlehren der mathematischen 
Wissenschaften, 27. (Springer, Berlin) 


J. C. Hill and W. C. McHarrie. An introduction to mathematics. Pp. 128. 2s. 
1937. The New Approach, 4. (Oxford) 


H. M. Keal and C. J. Leonard. Mathematics for electrical students. 2nd edition. 
Pp. vii, 225. 8s. 1938. (John Wiley, New York ; Chapman and Hall) 


H. M. Keal and C. J. Leonard. Mathematics for shop and drawing students. 2nd 
edition. Pp. vii, 225. 8s. 1938. (John Wiley, New York ; Chapman and Hall) 


H. M. Keal and C. J. Leonard. Technical mathematics. 2nd edition. I. Pp. vii, 
246. 6s. JJ. Pp. ix, 277. 7s. 6d. III. Pp. vii, 149. 6s. 1938. (John Wiley, 
New York ; Chapman and Hall) 


T. M. MacRobert and W. Arthur. Trigonometry. III. Advanced trigonometry. 
Pp. xi, 345-480. 4s. 6d. IV. Spherical trigonometry. Pp. x, 481-541. 3s. 1938. 
(Methuen) 

G. 8. Mahajani. The application of moving axes methods to the geometry of curves 
and surfaces. Pp. vii, 60. N.p. 1937. (Aryabhushan Press, Poona) 

J. Mahrenholz. Anekdoten aus dem Leben Deutscher Mathematiker. Pp. iv, 44. 
RM. 1.20. 1936. Mathematisch-Physikalische Bibliothek, Reihe I, 18. (Teubner) 


J. Malengreau. Essai sur les fondements de la géométrie euclidienne. Pp. 310. 
8 fr. 1938. (Payot, Lausanne) 
m.. W. March and H. C. Wolff. Calculus. Pp. xvii, 424. 15s. 1937. (McGraw- 

ill) 

E. Stephens. The elementary theory of operational mathematics. Pp. xi, 313. 21s. 
1937. Electrical Engineering texts. (McGraw-Hill) 


J. Stephenson. Revision exercises in elementary mathematics. With answers. 
Pp. 127. 1s. 2d. 1937. (Oxford) 


Contributions to the calculus of variations 1933-1937. Theses submitted to the 
department of mathematics of the University of Chicago. Pp. vii, 566. 13s. 6d. 
1937. (University of Chicago Press ; Cambridge University Press) 


The “ F” test. Prepared by R. B. Cattell. . 19. 6d. 1938. (University of 
London Press) 
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July, 1938 
THE LIBRARY. 


Tue Rep Houses, SONNING-ON-THAMES. 
Tue Librarian reports gifts as follows : 
From Dr. W. G. Bickley, a British Association volume 


Mathematical Tables ; I - - - - - 1931 
From Mr. F. C. Boon, an American school book. 
From Dr. I, Ionescu, his collection 


Probleme de Aritmetic&é ; I {2} - 1937 
From Prof. G. Loria, his booklet in the Collezione Hoepli, 


Galileo Galilei {2} - - - - - 1938 
From Prof. E. H. Neville 

A. Technische Mechanik; V_ - - - 1907 
This treatise was originally complete in four volumes and 
was extended by two volumes the publication of the 
third edition of Vol. ITT. 

Volumes I and VI are still wanted in the Library. 

G. Sarton Study of the History of Mathematics - - - 1936 
The substance of a lecture at Harvard, followed by valuable 
bibliographies. 

From Dr. 8. A. Peyton 

8. Lanapon Babylonian Menologies and Semitic Calendars - 1935 
Schweich Lectures on Biblical Archaeology, British Aca- 
demy, 1933. 

From Mr. J. A. D. Reade, an edition of J. M. Wilson’s Geometry and 
C. Hurron Mathematical Tables {10: 0. G. Gregory} - - - 1846 


From Mr. F, Robbins, an offprint of a paper by J. W. L. Glaisher. 


From Mr. F. 8. Sutton : 
T. CHaunpy Differential Calculus - - - - - 1936 


From the Junta para Ampliacién de Estudios Cientificas, Madrid : 
J. Miscelanea Matematica - - - 1937 


The following have been bought : 
APOLLONIUS OF PERGA 


Die sieben Biicher iiber Kegelschnitte - - - 1861 


With Halley’s restoration of the eighth book. 


Translated 
into German by H. Balsam. With an appendix on the 
theorems on conic sections in Newton’s Principia. 


R. Barre Fonctions Discontinues - = 


Borel 1905 
E. Borg. Séries Divergentes - 1901 
Théorie des Fonctions {2} - - - - Borel 1914 


A. v. BraunMvHL 


Geschichte der Trigonometrie; I- - - ~- 1900 


volume of was in Go 
bequest ; complete wor! long been scarce, and eight 
years’ patience is now rewarded, : 
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W. S. Burnsrpre and A. W. Panton 
Theory of Equations ; IT ((5}] - - - - 1904 
Vol. I was already in the Library, and Vol. II has often been 
requested. 


F. Crorti Compensazione degli Errori - - Hoepli 1888 


P. De La Hire Nouveaux Elémens des Sections Coniques, les Lieux 
Géométriques, la Construction, ou Effection des 
Equations - - - - - - 1679 


Three works forming one volume. 
_ still wants De La Hire’s first treatise on conics, 


A. FOpr. Technische Mechanik ; III {3} - - - - 1905 


N. Joukowskt Aérodynamique - - - - - - - 1916 
Translated from Russian into French. 


H. LEBESGUE L’Intégration et la Recherche des Fonctions 


Primitives - - - - Borel 1904 

Séries Trigonométriques - - - - Borel 1906 

N. NIELSEN Fonctions Métasphériques - - - - - 1911 
E. Pasoan Esercizi di Calcolo Infinitesimale -  Hoepli 200-201 1895 


A companion to the author’s Lezioni, already in the Library. 


H. RADEMACHER und O. ToEPLITz 
Von Zahlen und Figuren - - - - - 1930 


C. J. ta Poussin 
Intégrales de Lebesgue. Fonctions d’Ensemble. 
Classes de Baire - - - - - Borel 1916 


O. VEBLEN Analysis Situs(@2} - - - - - - 1921 
American Mathematical Society Colloquium, 5, ii. 


C. E. WEATHERBURN 
Differential Geometry - - - - 1927 


THE AMERICAN JOURNAL OF MATHEMATICS. 


The American Journal of Mathematics was the first periodical to recognise 
the Gazette as a serious contemporary, and it is a matter of pride to the 
Association that the Journal, then in its twenty-third year, offered exchange 
with our very first volume. The run from 1901 to the current number has 
been one of the important possessions of the Library, and when recently a 
set consisting of precisely the first twenty-two volumes of the Journal appeared 
in the market, the opportunity was too good to let slip. Four numbers and a 
composite index were missing, and the Johns Hopkins University, to which 
the Journal belongs, has had the great kindness to present the Association 
with these missing parts, thus converting our apparent misfortune into an 
occasion for most gratifying evidence of transatlantic friendship. 
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REPORTS OF LONDON AND MIDLAND BRANCHES xi 


LONDON BRANCH. 


Frsruary 18. “ The place of logic in the teaching of mathematics.” Mr. 
M. Black, Institute of Education. 

The paper dealt with the question of transfer of skill in mathematical 
reasoning to reasoning in other subjects. It was concluded that the amount 
of transfer depended on the way in which the subject was taught. A number 
of aspects of geometrical reasoning were considered, which seemed to be 
peculiar to the subject, but it was shown that by finding applications of more 
modes of reasoning to non-mathematical material, transfer of skill might be 
expected. 

March 19. “ Music and mathematics.” Miss Ternouth, University of 
Reading ; Mr. Palmer, Great Yarmouth Grammar School. 

Miss Ternouth traced the close connection between music and mathematics 
from Greek times to the present, showing the influence of the idea of Harmony 
on scientific thought. She also pointed out resemblances between the two 
subjects. 

Mr. Palmer gave a sketch of the development of the musical scale and of 
harmony from the Greeks onwards. He illustrated the early stages of the 
latter at the piano. Comparing the two subjects, he found little ground for 
necessary connection. A. J. Taytor, Hon. Sec. 


MIDLAND BRANCH. 


THE opening meeting of the Midland Branch for the 1937-1938 Session was 
held in the Birmingham University on Friday, 15th October, 1937, when 
Professor F. J. M. Stratton, of Cambridge University, gave an interesting 
lecture on ‘“‘ New Stars’. By means of lantern slides Professor Stratton 
showed the various spectral types of new stars, before and at the maximum 
stage of their development, and also in the later nebular phase. He also out- 
lined the various theories which have been put forward to account for the 
appearance of these heavenly bodies. He further mentioned that there is a 
special need for more naked-eye observers of the sky, in order that new stars 
may be detected and reported at an early stage of their development. 

At the meeting held on Friday, 26th November, 1937, Mr. C. H. Richards, 
formerly of King Edward’s High School, Birmingham, gave a stimulating 
paper on “ Some alternative methods of dealing with well-known theorems ”’. 
In elementary geometry the topics considered were the theorem of Pythagoras, 
its converse, its two extensions and the theorem of Apollonius. One interest- 
ing method of approach to the theorem of Pythagoras started from an area 
property of parallelograms described on the sides of a right-angled triangle. 
The formula for the centre of mean position of n points could be employed 
to determine distances between special points of a triangle, and Mr. Richards 
showed how these could be developed to give alternative proofs for certain 
standard results in Trigonometry. 

On Monday, 17th January, 1938, a large audience of members of the Branch 
and visitors heard a very interesting address by Mr. A. Robson, of Marl- 
borough College, on “‘ Elementary Mathematics in 1950”. Mr. Robson began 
with a reference to the state of elementary mathematics in the schools in 
1870, when the A.I.G.T. was founded, and indicated the more important 
changes that have taken place since. Among probable developments in the 
near future, he mentioned especially an even wider range of methods in 
proving elementary theorems in geometry, including methods based on 
trigonometry and vectors, and the introduction of calculus in the middle 
forms of secondary schools. He regretted that parameters were not yet 
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widely used in the analytical geometry of some schools. He also expressed 
the hope that probability, the theory of numbers and projective geometry 
would each have a place in school mathematics. 

The Branch held its Annual General Meeting for the session on Friday, 
llth March, 1938, when three short papers were read. Miss E. M. Read, 
King’s Norton Secondary School, dealt with “ The correlation of the different 
branches of mathematics at the age of 12+ ”’, illustrating her subject with an 
account of a first approach to (i) the theorem of Pythagoras, and (ii) the 
determination of square roots. Mr. M. A. Porter, King Edward’s High 
School, Birmingham, spoke on “ Bridge Mathematics”, making explicit the 
mathematical implications of some of the sub-conscious processes of an 
expert playing a game of contract bridge. Mr. S. F. Trustram, Holly Lodge 
High School, Smethwick, gave many practical suggestions in a paper entitled 
“* How to brighten school mathematics ”’. 

Professor G. N. Watson, F.R.S., Birmingham University, was elected 
President of the Branch for the next session. R. J. Fuirorp, Hon. Sec. 


FOR SALE. 
Mathematical Gazette : 
Nos. 1, 2 (Quarto) ; 
Nos. 25-248 (Vols. II-VII bound). 


Offers requested. : 
A. W. Pootz, 57 Devonshire Road, Birkenhead. 


DISCOVERY. 


The monthly popular journal of science, Discovery, has been taken over by 
the Cambridge Press, and is edited by C. P. Snow. The first number of the 
new series appeared in April of this year. No doubt it will continue to be 
indispensable to those who wish to keep abreast of modern discoveries but 
fear technicalities. 


BOOKS RECEIVED FOR REVIEW. 


W. Blaschke. Uber eine geometrische Frage von Euklid bis heute. Pp. 20. 
Rm. 1.13. 1938. Hamburger Mathematische Einzelschriften, 23. (Teubner) 

A. Buhl. Nowveaux Eléments d’Analyse. Calcul infinitésimal. Géométrie. 
—— théorique. II. Variables complexes. Pp. vi, 214. 90fr. 1938. (Gauthier- 

illars) 

H. Crandall and F. E. Seymour. General mathematics. A one year course. Pp. 
viii, 389. 6s. 1938. (D.C. Heath, New York ; Harrap) 

M. Curie et M. Prost. Nécessaire mathématique. P.C.B., S.P.C.N. Pp. 116. 
20 fr. 1937. Actualités scientifiques et industrielles, 502. (Hermann, Paris) 

W. E. Deming and R. T. Birge. On the statistical theory of errors. Reprinted 
from Reviews of Modern Physics, pp. 119-161. 35 cents. 1937. (Graduate School, 
United States Department of Agriculture, Washington) 

C. V. Durell. A new algebra for schools. III. (Shorter version.) Pp. iv, 329- 
435. 2s. 1938. (Bell) 

W. B. Fite. Advanced calculus. Pp. xii, 399. 21s. 1938. (Macmillan) 

Ph — Higher papers in applied mathematics. Pp. 143. 2s. 9d. 1938. 

C. H. Hilland P.G. Welford. Arithmetic. IV. Pp. 385-476, viii. With answers, 

1s. 6d. ; without answers, 1s. 3d. 1938. (University Tutorial Press) 
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October, 1938. 


UNIVERSITY OF LONDON. 
New REGULATIONS FOR EXEMPTION FROM INTERMEDIATE EXAMINATIONS. 


Ir will be of interest to some members of the Association to know that the 
Senate of the University of London has adopted new regulations under which 
students who have obtained Higher Certificates of other examining bodies may, 
under certain conditions, be exempted from part of the Intermediate Exami- 
nation for a de 

Details can be obtained from the Academic Registrar, University of London, 
Senate House, W.C. 1. 


QUEENSLAND BRANCH. 
CoMMITTEE FOR 1938. 


President : Professor E. F. Simonds, M.A., B.Sc., Ph.D. ; Vice-Presidents : 
Mr. R. A. Kerr, M.A., B.Sc., Mr. S. Stephenson, M.A.; Hon. Secretary and 
Treasurer: Mr. J. P. McCarthy, M.A.; Members: Miss E. H. Raybould, 
M.A., Miss E. M. Cribb, M.A., Mr. E. W. Jones, B.A., Mr. I. Waddle, M.Sc., 
Mr. J. C. Deeney, B.A. 
REPORT FOR THE YEAR 1937-1938, PRESENTED TO THE ANNUAL 
MEETING ON 8TH ApRIL, 1938. 


Mr. PRESIDENT, LADIES AND GENTLEMEN,—I have the honour to present to 
you the Sixteenth Annual Report of the Branch. 

The Annual Meeting was held at the University on 9th April, 1937: the 
report for the year then ending and the financial statement were presented 
and were adopted. The Committee for the ensuing year was elected. The 
Presidential Address by Professor Simonds was on the subject ‘‘ Chance ”’. 

During the year three ordinary meetings have been held at the University. 
At the first, on 11th June, Mr. J. P. McCarthy, M.A., read a paper on the 
Theorem, ‘If the bisectors of the base angles of a triangle are equal, the 
triangle is isosceles.” At the second, on 10th September, Mr. H. McKnight, 
B.Sc., read a paper on “‘ Modern Trends in the Teaching of Mathematics ”’, 
and at the third, on 19th November, Mr. E. W. Jones, B.A., read a paper on 
‘“* Map Projections ”’. 

The number of members at the close of the year was 29, of whom 11 are 
members of the Mathematical Association. 

The financial statement shows a credit balance of £5 19s. 4d. 

The bound volumes of the Mathematical Gazette Vols. 12 to 17 have been 
presented to the University Library. Copies of the Gazette have been circu- 
lated as usual among Associate Members. 

Attendance at meetings has been satisfactory and the thanks of the Branch 


are due to those who prepared papers for the various meetings. 
J. P. McCartuy, Hon. Sec. 


VICTORIA BRANCH. 
REporT FOR 1937, 


Marcu 23: Annual Meeting. Mr. D. K. Picken elected President. Address 


by Mr. J. A. Seitz on the Four-Digit Problem. (23) 
April 26: Mr. W. S. Dickson spoke on “ Complex Angles” and demon- 
mabed his models which geometrically furnish cos, sinh, and cosh of « +jB. (30) 
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June 7: Messrs. H. M. Campbell and J. R. Carroll initiated discussion of the 
optional section of the Leaving Certificate Mathematics Course for non- 
specialists. Cyclostyled minutes of this meeting were prepared and supplied 
to applicants from 16 schools throughout the State. (31) 

July 27: Dr. Mildred Barnard addressed a joint meeting of the Association 
and the Mathematical Society of the Melbourne University, on “ Statistics in 
Experimental Research”. (64) 

August 31: In connection with the New Education Fellowship Conference, 
Professor H. R. Hamley gave us an inspiring lecture on “ The Teaching of 
Post-primary Mathematics’. (169) As a gesture of welcome to the Chair- 
man of the London Branch, the Committee entertained Professor and Mrs. 
Hamley at dinner. 

September 20: The Royal Society of Victoria and the Melbourne University 
Extension Board joined with us to hear Professor Cherry’s oration, ‘‘ Newton’s 
Principia in 1687 and 1937.” (126) The Melbourne University Press sub- 
sequently published this oration. 

Notices and reports of meetings have been published by the metropolitan, 
provincial, and even the interstate Press. Seven schools have signified their 
intention of joining the Junior Mathematical Association, which held one 
meeting only (on account of an alarming epidemic). The calculating machines 
at Railway Headquarters and at the Government Statist’s Office were ex- 
amined, and the meeting was enthusiastically reported in the journals of the 
participating schools. 

The Problem Bureau, instituted in April, has received only two questions, 
and has answered only one! Proposals for a Branch Library are at present 

before the Committee. F. J. D. Syrr, Hon. Sec. 


BOOKS RECEIVED FOR REVIEW. 

W. G. Borchardt. A school arithmetic. Pp. xii, 547, Ixxiv. 5s.; in two parts, 
3s. each. 1938. (Rivingtons) 

H. W. Brister and W. G. E. Duke. Progressive geometry. First stage. Pp. xii 
178. 3s. 1938. (Oliver and Boyd, Edinburgh) 

A. D. Campbell. Advanced analytic geometry. Pp. x, 310. 20s. 1938. (John 
Wiley and Sons, New York ; Chapman and Hall) ‘ 

J. B. Channon and A. McLeish Smith. A school arithmetic. Pp. xiii, 412, 63. 
With answers 4s. 6d.; without answers 4s. Part I: with answers 2s. 3d.; without 
answers 2s. Part II: with answers 3s.; without answers 2s. 9d. 1938. (Long- 
mans Green) 

8. H. J. Cox. A concise trigonometry. Pp. vii, 183, xiv. 3s. 1938. (Rivingtons) 

H. T. Davis. A course in general mathematics. Pp. xi, 316. 10s. 6d. 1938. 
(Principia Press, Bloomington, Indiana ; Williams and Norgate) 

C. V. Durell and A. Robson. Shorter advanced trigonometry. Pp. xi, 172. 5s. 
Part 1; 2s. 6d. Part II: 3s. 1938. (Bell) 


H. J. Gay. Computation and trigonometry. Pp. vii, 231, xvi, 143. 10s. 1938. 
(Macmillan) 


H. Harman. Complete commercial arithmetic for professional examinations. Pp. 
214, iv. 4s. 6d. 1938. (Arnold) 


R. N. Haygarth and E. V. Smith. Modern school arithmetic. Pp. 305. With 
answers 3s. 6d. ; without answers 3s. 1938. (Harrap) 


M. J. G. Hearley. Hxercises in algebra. Pp. 269. With answers 3s. 6d.: with- 
out answers 3s. Teacher's book. Pp. 36, 273-352. 2s. 1938. (Harrap) 
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BOOKS RECEIVED FOR REVIEW xv 


T. Herberg. Elementary mathematical analysis. Pp. v, 120. 3s. 6d. 1938. 
(D. C. Heath, Boston ; Harrap) 

E. Jahnke und F. Emde. Funktionentafeln mit formeln und Kurven (Tables of 
functions with formulae and curves). 3rd edition. Pp. xii, 305. RM. 11.25. 1938. 
(Teubner) 

H. L. Jones. Commercial mathematics. Pp. viii, 287. 
3s. 6d. 1938. (Arnold) 

H. Kellerer. Mathematik und Verkehr. Pp. 48. RM.0.90. 1938. Mathematisch- 
Physikalische Bibliothek, Reihe I, 94. (Teubner) 

T. L. Kelley. The Kelley statistical tables. Pp. vii, 136. 20s. 1938. (Mac- 
millan) 

W. F. Kern and J. R. Bland. Solid mensuration with proofs. 2nd edition. Pp. 
vii, 172. 10s. 1938. (John Wiley and Sons, New York ; Chapman and Hall) 

S. K. Langer. An introduction to symbolic logic. Pp. 363. 12s. 6d. 1937. 
(Allen & Unwin) 

E. F. Lindquist. A first course in statistics. Pp. xiii, 226. 8s. 6d. Study manual 
for a first course in statistics. Pp. 122. 5s. 1938. (Harrap) 

A. B. Mayne. The essentials of school algebra. Pp. xii, 499, xev. 5s.; without 
answers 4s. 6d. Part I: 1s. 9d.; 1s. 6d. Part Il: 3s.; 2s. 6d. Part III: 2s.; 
ls. 9d. Parts I, IL: 4s.; 3s. 6d. Parts II, III: 4s.; 3s. 6d. 1938. (Macmillan) 

J. Milne. A first analytical geometry. Pp. iv, 60. ‘1s. 6d. 1938. (Bell) 

C.N. Moore. Summable series and convergence factors. Pp. vi, 105. $2.00. 1938. 
American Mathematical Society Colloquium Publications, 22. (American Mathe- 
matical Society, New York) 

J. Neyman. Lectures and conferences on mathematical statistics. . 160. 
$1.25. 1938. (Graduate School, United States Department of Agriculture, 


Washington) 
A. H. G. Palmer and H. E. Parr. Geometry for schools. Pp. xii, 367, xii. 4s. 6d. 


1938. (Bell) 
H. E. Piggott. Elementary plane trigonometry. 3rd edition. Pp. xii, 243. 
1938. (Constable) 
W. R. W. Roberts. Elliptic and hyperelliptic integrals and allied theory. Pp. viii, 
311. 12s. 6d. 1938. (Cambridge) 
N. G. Shabde. The general field theory of Schouten and Van Dantzig. Pp. ii, 55. 
N.p. 1938. Lucknow University Studies, X. (University of Lucknow) 
A. W. Siddons and K. §S. Snell. A new geometry. Pp. xvi, 302. 3s. 6d. 
(Cambridge) 
T.Skolem. Diophantische Gleichungen. Pp. ii, 130. RM.15. 1938. Ergebnisse 
der Mathematik, Band V, Heft 4. (Springer, Berlin) 
E. 8. Smith, M. Salkover and H. K. Justice. Calculus. Pp. xii, 558. 16s. 1938. 
(John Wiley and Sons, New York ; Chapman and Hall) 
J. W. N. Sullivan. Jsaac Newton, 1642-1727. With a memoir of the author by 
C. Singer. Pp. xx, 275. 8s. 6d. 1938. (Macmillan) 
W.L. Sumner. The teaching of arithmetic and elementary mathematics. Pp. 255. 
5s. 1938. (Basil Blackwell, Oxford) 
G. S. Terry. Duodecimal arithmetic. Pp. 407. 30s. 1938. (Longmans) 
L. L. Thurstone. Primary mental abilities. Pp. ix, 121. 9s. 1938. Psycho- 
esa monographs, 1. (University of Chicago Press; Cambridge University 
Tess 
J. Trevelyan and J. Morley. Functional arithmetic through citizenship. I. Four 
walls. Pp. 88. 1s. 6d. IJ. Here and There. Pp. 90. 1s. 6d. 1938. (Longmans 


Green) 
F. Tricomi. Funzioni analitiche. Pp. vi, 110. L. 35. 1936. (Zanichelli, 


Bologna) 


4s.; without answers, 


7s. 6d. 
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F.Tricomi. Funzioni ellittiche. Pp.ix, 274. L.45. 1937. (Zanichelli, Bologna) 

C. 0. Tuckey. A school solid geometry. Pp. viii, 80. 2s.3d. 1938. (Christophers) 

C. E. Weatherburn. An introduction to Riemannian geometry and the tensor 
calculus. Pp. xi, 191. 12s. 6d. 1938. (Cambridge) 

H. Webb and J. C. Hill. Arithmetic of daily life. III. Pp. 96. 1s. 3d. 1938. 
(Cambridge) 

A. Weil. Sur les espaces a structure uniforme et sur la topologie générale. Pp. 40. 
15 fr. 1937. Actualités scientifiques et industrielles, 551; publications de 
l'Institut mathématique de Université de Strasbourg, I. (Hermann, Paris) 

Portraits of eminent mathematicians. Portfolio II. Thirteen plates, with brief 


biographical sketches by D. E. Smith. $3.00. 1938. (Scripta Mathematica, 
Amsterdam Avenue and 186th Street, New York) 


BUREAU FOR THE SOLUTION OF PROBLEMS 


This is under the direction of Mr. A. S. Gosset Tanner, M. A., 115, Radbourne 
Street, Derby, to whom all enquiries should be addressed, accompanied 
by a stamped and addressed envelope for the reply. Applicants, who must 
be members of the Mathematical Association, should wherever possible state 
the source of their problems and the names and authors of the textbooks 
on the subject which they possess. As a general rule the questions submitted 
should not be beyond the standard of University Scholarship Examinations. 
Whenever questions from the Cambridge Mathematical Scholarship volumes 
are sent, it will not be necessary to copy out the question in full, but only 
to send the reference, i.e. volume, page, and number. The names of those 
sending the questions will not be published. 

The Secretary would be glad to receive any solutions that have not yet 
been returned. 


LONDON BRANCH. 
PROGRAMME FOR 1938-1939. 
ALL meetings will be held at Bedford College, Regent’s Park, N.W. 1. 


1938. 
Saturday, Oct. 15th, Presidential Address: ‘“‘ Mathematics in School and 
3.15 p.m. University.’ —Professor G. B. JEFFERY. 
Friday, Nov. 18th, “* Arithmetic and Algebra on the Drawing-Board.”— 
6.30 p.m. Dr. W. G. BickLEy. 
Saturday, Dec. 10th, “Trigonometry in the Main School.”—Mr. C. W. 
3.15 p.m. STOKES. 
1939. 
Saturday, Jan. 28th, | Annual Business Meeting, followed by a discussion 
3.15 p.m. of the Geometry Report. 


Friday, Feb. 17th, Discussion on the Project Method in Mathematical 
6.30 p.m. Teaching. 

Saturday, March 18th, “ Factor Analysis in Research on the Teaching of 
3.15 p.m. H. R. HaMLey. 


— 
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December, 1938 
INDEX TO VOLUME XXIl. 


wan index to Vol. XXII will be circulated with the February Gazette, 


LIVERPOOL MATHEMATICAL SOCIETY. (LIVERPOOL BRANCH.) 


OFFICERS FOR 1938-1939. President : Mr. R. BaLpwin, M.A., M.Se. Vice- 
President : Dr. A. Fietcuer. Hon. Treasurer: Dr. J.C. P. MILLER. Hon. 
Secretary : Mr. T. H. Jackson, “‘ Wyngarth ’’, Allerton Drive, Liverpool, 18. 
Committee : Misses Cook, and Taytor; Messrs. Baxter, HEWITT 
and JAMES. 

PROGRAMME. 


The Presidential Address for the session, ‘Some reflections on the Report 


on the Teaching of Geometry of the Mathematical Association ’’, was delivered 
at the October meeting. 


1938. 
5th Dec. Statistics as a School Subject.” —D. Carapoc Jonzs, Esq., 
M.A., University of Liverpool. 
1939. 
16th Jan. “ Practical Mathematics for Schools.” —G. F. Jonnson, Esq., 
M.A., Inspector of Schools for Liverpool Education 
Committee. 


llth March. Saturpay. 200TH MEETING OF THE SoctETy. 
(Special arrangements and time later.) 
““Waves and Particles.”—Professor E. T. WHITTAKER, 
F.R.S., Edinburgh University. The Chair will be taken 
by the Vice-Chancellor of Liverpool University. 


Ist May. ANNUAL GENERAL MEETING. 
‘** Discussion on Current Mathematical Literature.”’ 
\ Graded (1) Ages 11 to 16+ (2) Ages 16+ to 19. 


(3) General and Reference Books. 


MIDLAND BRANCH. 


Tue first meeting of the Midland Branch for the 1938-1939 Session was held 
in The University, Edmund Street, Birmingham, on 25th October, when 
Professor G. N. Watson, F.R.S., delivered his Presidential Address. The 
title of the address was “‘ Ex India semper aliquid novi”, which aptly intro- 
duced a very interesting lecture on one of the most original mathematicians 
of modern times—Ramanujan. Professor Watson began with a biographical 
outline, sketching the background of the early years of the boy who, in 1887, 
was born in a Brahmin family of very high caste but very poor circumstances. 
From the standpoint of Ramanujan’s mathematical development, the greatest 
formative influence was a copy of Carr’s A synopsis of elementary results in 
pure and applied mathematics. This little-known book consisted almost 
entirely of the enunciations of a large number of theorems, systematically 
arranged ; such “ proofs” as did occur were often only cross-references or 
hints at solutions. It was Carr’s Synopsis which later supplied the model for 
the presentation of results in Ramanujan’s own famous note-books. A tragic 
chain of events led Ramanujan, in 1912, to take a post as clerk in the office 
of the Port Trust of Madras, at a salary of about £30a year. In 1913, Ramanu- 
jan wrote to Professor Hardy, and here the lecturer enabled his audience to 
feel something of the thrill which Professor Hardy experienced when, opening 
a letter from an unknown Hindu clerk, he found a list of results of such a kind 
that “‘ a single look at them is enough to show that they could only be written 
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down by a mathematician of the highest class”. Of Ramanujan’s work, 
Professor Watson referred especially to theorems concerning general continued 
fractions, the Rogers-Ramanujan’s identities, Ramanujan’s transformations 
for constructing modular equations and his researches (in collaboration with 
Professor Hardy) in the theory of Partitions of n. 
PROGRAMME FOR 1938-1939. 
1938. 

Friday, 25th November. Discussion on “ A Second Report on the Teaching 

of Geometry in Schools ”’. 

Opening Speaker: E. V. Smirn, M.A., King 
Edward's High School, Birmingham. 


1939. 
Tuesday, 21st February. Address by W. Horr-Jonss, M.A., Eton College. 
Subject : “‘ Some Applications of Probability ”’. 


Friday, 10th March. (1) Annual General Meeting ; Election of Officers. 
(2) Address by Professor R. Pzrerts, D.Sc., Bir- 
mingham University. Subject: “ What can one 
learn from quantum mechanics? ” 
R. J. Futrorp, Hon. Sec. 


JOURNALS RECEIVED. 
When no number is attached, no part has been received since a previous acknowledgment. 


Abhandlungen aus dem Math. Seminar der Hamburgischen Univ. > 12: 2 
American Journal of Mathematics — 60 : 3 

American Mathematical Monthly. [2: 6, 11] > 45: 6 

Anales de la Sociedad Cientifica Argentina. (109) > 126:1 

Annales de la Société Polonaise de Mathématique — 15 

Annali della R. Scuola di Pisa. Ser. 2 ~ 7: 3-4 

Annals of Mathematics — 39 : 3 

Berichte ... der Akad. der Wiss. zu Leipzig: Math.-Phys. Klasse 

Boletin Matematico > 11: 11 

Boletin del Seminario Matematico Argentine — 18, 21, 22. 

Bollettino della Unione Matematica Italiana — 17 : 2 

Bulletin of the American Mathematical Society > 44: 8 

Bulletin de l’Association des Professeurs de Mathématiques. (98) > 104 
Bulletin of the Calcutta Mathematical Society — 30:1 

Contribucién al Estudio de las Ciencias Fis. y Mat. Serie Técnica, [1:5] > 5:2 
Duke Mathematical Journal — 4 : 2 

L’Enseignement Mathématique — 37 : 1-2 

Esercitazioni Matematiche. Ser. 2 > 11: 1-4 

Gazeta Matematica > 44:1 

Half-Yearly Journal of the Mysore University 

Jahresbericht der Deutschen Math.-Verein. (1-4; 11-22; 30) ~ 48: 1-4 
Japanese Journal of Mathematics — 14 : 4 

Journal of the Faculty of Sciences, Hokkaido — 6: 4 

Journal of the Indian Mathematical Society > N.S. 3:2 

Journal of the London Mathematical Society — 13 : 3 


we 


JOURNALS RECEIVED 


Journal of the Mathematical Association of Japan > 20: 4 
Journal de l'Institut Mathématique d’Ukraine (1935) > 1938 : 1 
Mathematical Notes 

Mathematics Student — 5 : 4 

Mathematics Teacher [17 : 1, 3] > 31:5. 

Monatshefte fiir Mathematik und Physik. (33) > 46:4 

National Mathematics Magazine (Louisiana). (11) > 12:8 

Nieuw Archief voor Wiskunde — 19 : 3-4 

Nieuwe Opgaven 

Periodico di Matematiche. Ser. 4. [13 :2—15] > 18:1 

Proceedings of the Edinburgh Mathematical Society > Ser. 2. 5:3 
Proceedings of the London Mathematical Society > Ser. 2. 44:6 
Proceedings of the Physico-Mathematical Society of Japan. Ser. 3 > 20:7 


Publicaciones de la Facultad de Ciencias Fisico-Matematicas Universidad 
Nacional de la Plata. 113, 114 


Publications Mathématiques de Belgrade — 5 

Publications de la Fac. des Sc. de Masaryk. 245, 246, 249, 252, 254, 256, 258 
Recueil Mathématique (Moscow). N.S. > 3:2 

Rendiconti del Circolo di Palermo. (26) [45-50] > 61:2 

Rendiconti del Seminario di Cagliari > 8 

Rendiconti del Seminario di Milano > 11 

Revista de Ciencias (Peru). (371) > 423 

Revista Matematica Hispano-Americana (Madrid) 

School Science and Mathematics. (9)[9:3; 17:3; 18:1;19:5; 38:2] > 38:6 
Science Progress. (101) 129 

Scripta Mathematica > 5: 2 

Sitzungsberichte der Berliner Mathematischen Gesellschaft 

Studia Mathematica 7 

Travaux de I’Institut Mathématique de Tbilissi > 4 

Universidad (Zaragoza). (9) [11 :1—12:2] > 15:2 

Unterrichtsblatter fiir Mathematik und Naturwissenschaften > 44 :1 
Wiskundige Opgaven met de Oplossingen 


THE LIBRARY. 
THe Rep House, SonNING-ON-THAMES. 
Tue Librarian acknowledges gifts as follows : 
From Mr. R. J. A. Barnard, an old Australian school edition of Euclid I-III. 


From Miss A, E. Bennett, a number of replacements and schoolbooks, 
together with : 


P. ApPELL et E. Goursat 


Fonctions Algébriques - - 1895 
J. Epwarps Differential Calculus - - - 1886 
A. R. Forsytu Differential Equations {2} -  - - = 1888 
A. R. Hinks Map Projections - - - - 1912 
Maps and Survey - - - - . - 1913 
L. Lives Solid Geometry - - 1935 
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B. Lioyp Mechanical Philosophy {2} - - - - 1835 
C. MacLavrin Newton’s Philosophical Discoveries {2} - - - 1750 
E. Picarp et G. Srmart 
Fonctions Algébriques de deux Variables ; I, II1 
1897, 1900 

J.M. =Symbolical Euclid; } - - 1838 

From Mr. F, C. Boon, a number of schoolbooks. 

From Dr. §. A. Peyton : 
G. S. Terry Duodecimal Arithmetic - - - - - 1938 


Mathematical tables in the scale of twelve. 
From Dr. @. F. C. Searle : 
E. Bore. Fonctions de Variables Réelles = - - - Borel 1905 


From Mr. H. J. Woodall, duplicates to replace a number of shabby volumes, 
and some schoolbooks, together with : 


G. B. Amry Undulatory Theory of Optics{ } - . - 1877 
P. APPELL Fonctions hypergéométriques de plusieurs variables 
Mémorial 3 1925 

I. Barrow Euclide’s Elements and Data { - - - - 1751 
With an appendix on ‘ee ud J. Barrow. 

W. K. Cuirrorp Seeing and Thinking - - 1879 

W. F. Donkin Acoustics ; I - - - - - - - 1870 
ALL PUBLISHED. 

P. Frost Newton’s Principia - - 1854 

J. GALE Cabinet of Knowledge - - 1797 
— a series of ... experiments decep- 

J. F.Heatuer Descriptive Geometry{}  - 1875 


Actually a translation of Brisson’s edition of thongs, oni 
ting the sections on the curvature of surfaces. 

C. Hurron Miscellanea Mathematica  - 1775 
Being the literary correspondence of 
mathematicians.” 


P. S. pe Laptace Essai Philosophique sur les Probabilités {M. Solovine} 
(2 vols.) 1921 


A reprint in the series Les Maitres de la Pensée Scientifique 

J. MircHELL Dictionary of the Mathematical and Physea 
Sciences” - - - - - 1823 

G. Monee Géométrie Descriptive {M. Solovine} (2 vols.) —- 1922 
A reprint in the series Les Maitres de la Pensée aiites. 

N. PIKE System of Arithmetic - - : - 1788 


- Composed for the sake of the citizens of the United 
—. Includes introductions to algebra and conic 


E. et C. DE 


Traité de Géométrie {7 rep.} (2 vols.) - - 1922 

With sections by Lemoine, Neuberg, and ry 

R. Sairtctirre Theory and Practice of Gauging - - : - 1745 

G. G. SrokEs On Light ; I: On the nature of Light - . - 1884 
The first of three courses of lectures. 

H. Tarrrine L’Idée de la Théorie de la Relativité —- - - 1923 
Translated from German by M. Solovine. 

C. VysE Key to the Tutor’s Guide - - - 1785 

The following have been bought : 
D. K. Wisen’ - History of Mathematical Teaching in Scotland - 1935 


To the end of the eighteenth century. 
0. — Uebungsbuch zum Studium der ; 


I 43} - 1878 
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ALTERATIONS AND ADDITIONS 
to the 
List of Members Published in 1937 


Errata 
Craig, N. G. F., for B.A. read M.A. 
Siddons, A. W., add (President, 1935). 


CHANGES IN OFFICERS, ETC. 


Main Association 
President, 1938 : W. HOPE-JONES. 
Vice-President : Professor A. R. FORSYTH has resigned. 


Representatives of the Teaching Committee: A. ROBSON (Chairman), 
C. T. DALTRY (Secretary). 


Members of the Council other than ex officio Members (1938) : 


Miss M. J. GRIFFITH, A. W. RILEY, 

Prof. G. B. JEFFERY, Mrs. E. M. WILLIAMS, 
W. J. LANGFORD, Miss M. A. HOOKE, 
Miss W. M. LEHFELDT, F. J. SWAN. 


C. W. PARKES, 


The Teaching Committee 


Co-opted to Fill a Vacancy: W. ARMISTEAD, ° Christ’s College, 
Horsham. 


Changes in Secretaries of Branches 


London Branch : Dr. A. J. TAYLOR, 30, Manor Gardens, Purley, Surrey, 
has succeeded C. T. Daltry. 


en L. BARNARD’S address is now 82, Brook Green, London, 


Yorkshire Branch: H. BEARDWOOD, 39, Ruskin Avenue, Bradford 
Road, Wakefield, has succeeded H. W. Watts. 


eaten, Junior Branch (The Archimedeans) : Miss R. V. JACOB, 
ewnham College, has succeeded P. J. Wallis. 
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NEW MEMBERS (ORDINARY) 


Members whose names are marked with an asterisk joined in 1937, 
the remainder in 1938. 

ADAMS, SYDNEY, B.A., Sedbergh School; Pendeen, Sedbergh, Yorks. 

ANTHONY, Miss HILDA JANIE, B.Sc., Palmer’s School for Girls, 
Grays, Essex; 120, Arran Road, Catford, London, S.E.6. 

ARANY, DANIEL, formerly Professor of Mathematics; Korong-utca, 
6.1.7., Budapest, XIV, Hungary. 

*ASHTON, GILBERT, M.A., Abberley Hall, Nr. Worcester. 

ASKEW, Miss MARTHA, B.Sc., Stoke Damerel High School for Girls, 
Plymouth; 7, Trafalgar Piace, Stoke, Plymouth. 

ASTON, CHRISTOPHER CECIL, M.A., Technical College; Kingston-on- 
Thames; 62, Redcliffe Square, S.W.10. 

BARBER, BERTRAM, M.A., The Grammar School, Moor Park, Preston, 
Lancs. 

BARKER, CHARLES FREDERICK, B.Sc., City of London Freemen’s 
School, Ashstead Park, Surrey. 

BEVERSTOCK, WILLIAM H., B.Sc., County School, Newtown; Oak 
Villa, Kerry Road, Newtown, N. Wales. 
BHAT, M. NARASIMHA, M.A., St. Agnes College, Mangalore, South 
India; The Gokuldas Farms, Hoige Bazaar, Mangalore, South India. 
BIRD, FRANCIS GEORGE, M.A., St. Paul’s School, W.14; 77, Lonsdale 
Road, Barnes, S.W.13. 

BISHOP, Miss GERTRUDE MARION, B.A., Monmouth School for Girls, 
Monmouth. 

BLACK, AGNES, M.A., B.Sc., Bishopshalt School, Te Middlesex; 
33, St. Mary’s Road, Golders Green, London, N.W.11. 

BLACKWELL, Mrs. ANNIE MARGARET, B.Sc., King’s College 
Education Department, London; 49, The Manor Drive, Worcester 
Park, Surrey. 

BLAKEY, GEORGE WILSON, B.A., Barnard Castle School, Co. Durham. 

BOLTON, JOHN STANLEY, M.A., Crossley Schools, Halifax and 
Technical College, Bradford; 8, Savile Drive, Halifax, Yorks. 

*BOOTH, ANDREW DONALD, 17, St. Mary’s Road, Leamington, 
Warwickshire. 

BOWEN, Miss VIOLET LILIAS, B.Sc., Tewkesbury High School; 64, 
Church Street, Tewkesbury, Glos. 

*BREWIN, FRANK, B.A., Queen Mary’s Grammar School, Wilsall; 
Overdale, Derby Road, Wingerworth, Chesterfield, Derbyshire. 

BRIDGER, MARCUS, B.Sc., A.R.C.S., Loughborough College School; 
35, New Walk, Leicester. 

BUCKINGHAM, RICHARD ARTHUR, B.A., Ph.D., Department of 
Mathematical Physics, Queen’s University, Belfast, Northern Ireland. 

BUTLER, JOHN HENRY, B.A., The Grammar School, Wellingborough, 
Northants; 195, Northampton Road, Wellingborough, Northants. 

CADWELL, JAMES HENRY, The Grammar School, Hertford; 26, North 
Road Avenue, Hertford. 

CAMPBELL, Miss BEATRICE MARY SALE, M.A., High School, 
Hamilton, New Zealand. ; 

CANNON, BERNARD, Ph.D., The High School, Bury; 18, Wellington 
Road, Bury, Lancs. 

CASEY, EDWIN VINCENT, M.Sc., Thornleigh College, Bolton; Somer- 
ville, Wigan Road, Bolton, Lancs. 
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CATHIE, Miss A., Macrobertson Girls’ High School, Bower Crescent, 
Melbourne, S.2, Victoria, Australia. 

CHAPMAN, ALFRED ERNEST, M.Sc., The Technical College, 
Brighton, 7, Sussex. 

CHATWOOD, ALBERT, B.Sc., Clayesmore School, Iwerne Minster, 

Blandford, Dorset. 

CLELAND, Miss EILEEN, B.A., Convent H.C.J., Magdalen Road, St. 
Leonards-on-Sea. 

CLARK, GEORGE THOMAS, B.Sc., The Loughborough Central School, 
Brixton; 47, Roxburgh Road, West Norwood, London, S.E.27. 

COLLEY, JOHN WILLIAM, B.Sc., The Grammar School, Bideford; 5, 
Pinecroft, Bideford, Devon. 

COLLINS, GEORGE, B.Sc., The Grammar School, Guisborough, Yorks. 

COOPER, WILLIAM, M.A., B.Sc., Principal, Walsall Technical College, 
Bradford Place, Walsall, Staffs. 

COPE, CHARLES WILLIAM SPENCER, 174, Harold Road, Clive Vale, 
Hastings, Sussex. 

COWAN, THOMAS, c/o Ministry of Education, Tyrone House, Ormeau 
Avenue, Belfast, N. Ireland. 

CRESSWELL, MAURICE BEASLEY, B.Sc., Bingley Grammar School; 
Laverack, Royd Avenue, Gilstead, Bingley, Yorks. 

DAVISON, Miss MARY EVELYN (Math. Trip.), The High School, 
Macclesfield, Cheshire. 

DAWSON, THOMAS DAWSON, M.Sc., F.I.C., F.I.R.I., 2, Lyndhurst 
Road, Thornton Heath, Surrey. j 

DUNKLEY, Miss ELLEN MARGARET, M.A., Sherborne School for 
Girls, Dorset; Resthaven, Lenthay Road, Sherborne, Dorset. 

EVERITT, Miss IRENE MARY, Tean Leys, 172, Regent’s Park Road, 
Finchley, London, N.3. 

FANNING, ARNOLD PATRICK, B.Sc., Central Technical Schools, 
Tralee; 26, Cloonbeg Terrace, Tralee, Co. Kerry, Ireland. 

FILBY, JAMES EDWARD, B.Sc., The City School, Lincoln; The Dell, 
Sudbrooke, Nr. Lincoln. 

FRANKLIN, C. R., Melbourne Grammar School, Domain Street, South 
Yarra, Melbourne, S.E.1, Victoria, Australia. 

FREEMAN, Miss DOROTHY MARY, B.A., Girls’ Grammar School, 
Keighley; Villette, Belvedere Avenue, Alwoodley, Leeds, Yorks. 
FRENCH, FREDERICK JOSEPH, B.Sc., Hackney Downs School; 47, 

Stainforth Road, Church Hill, Walthamstow, London, E.17. 

GAY, Miss IRENE MADELEINE, B.A., Central Secondary Girls’ School, 
Sheffield; 16, Bents Green Avenue, Sheffield, 11. 

GILL, Miss ELEANOR ETHEL, B.Sc., Redland High School, Bristol; 
12, The Paragon, Bristol, 8. 

GOUGH, HAROLD, B.A., Regional Secondary School, Limavady, Co 
Derry, Northern Ireland. 

GOVER, JOHN CHARLES HAVELOCK, B.A., King’s College, Taunton; 
Maletta, Fullands Road, Taunton, Somerset. 

GRAHAM, ROBERT HAMPTON, B.Sc., Wolverhampton Municipal 
School; 21, Capstone Avenue, Oxley, 
tafis. 

GREGORY, ARNOLD ILLSTON, M.A., Altrincham Grammar School, 
Cheshire; Hampsfell, South Downs Road, Hale, Altrincham, Cheshire. 

GUNJIKAR, KASHINATH RAMACHANDRA, B.Sc., M.A., Royal 
nstitute of Science, Bombay; 17, Mathew Road, Bombay, 4, India. 

HARRISON, KENNETH WILLIAM, M.A., 3, Ashford Avenue, Hornsey, 

London, N.8. 


| | 


6 THE MATHEMATICAL ASSOCIATION 


HEARLEY, MAURICE JAMES GOODWIN, B.Sc., Hanstead County 
High School; 42, Stonehall Avenue, Ilford, Essex. 

HILLMAN, Miss ELLA MARGARET, B.Sc., County pest for Girls, 
Chislehurst, Kent; 16, Exford Road, Grove Park, S.E 

HILLS, OWEN FRANCIS. B.Sc., Varndean School for nn Brighton;. 
46, Withdean Crescent, Brighton, 6. 

HOLDEN, BASIL MUNROE, B.A., Highgate School, Highgate, 
London, N.6. 

*HORSFALL, LESLIE, B.A., Huddersfield College, New North Road, 
Huddersfield, Yorks. 

HULL, ALFRED JOHN, B.A., Churcher’s College, Petersfield; 78, 
Campbell Road, Salisbury, Wilts. 

HUTTON, MAURICE, B.A., North Manchester Municipal High School, 
New Moston, Manchester, 10. 

JACKSON, Miss ELEANOR RUTH COMELY, B.Sc., Queen’s School, 
Margate; Thorn, Inkberrow, Worcester. 

JEACOCK, Miss HILDA JANIE, B.A., Wadhurst College; Beech Hill 
House, Wadhurst, Sussex. 

JENKINS, ARTHUR LEVI, B.Sc., Towyn County School; Brynarfor, 
Towyn, Merionethshire. 

*KERKAR, DATTARAM WAMAN, M.A., Sir Parashurambhan College, 
Poona, Bombay Presidency, India. 

*LAITHWAITE, PERCY, M.Sc., B.Sc., King Edward VI School, Lichfield; 
The Cherry Orchard, Lichfield, Staffs. 

LANGDALE, GEORGE RICHMOND, B.Sc., City of Norwich School; 
14, Highland Avenue, Norwich. 

LAPWOOD, ERNEST RALPH, B.A., Yenching University, Peking, China. 


*LATIMER, JAMES LEONARD, M.A., Manchester Grammar School; 26, 
Barnfield, Urmston, Manchester. 

LAUNCHBURY, HUGH RONALD, B.A., Grammar School, Lydney; 
144, Evans Lane, Kidlington, Oxford. 

LAWSON, HAROLD WOOD, B.Sc., City and County School for Boys, 
Chester;. 10, Lime Grove, Hoole, Chester. 

LAZAR, NATHAN, Alexander Hamilton High School of Commerce, Albany 
a, Brooklyn, N.Y.; 915, Washington Avenue, Brooklyn, New 
York, U.S.A. 

LEASON, FREDERICK MAXWELL, B.Sc., West Hartlepool Secondary 
School for Boys; 4, Lansdowne Road, West Hartlepool, Co. Durham. 

LINE, BERTRAM ALEXANDER, B.Sc., Moseley Secondary School, 
Birmingham, 11; 37, Sherwood Road, Hall Green, Birmingham, 28. 

*LITTLEWOOD, JOHN E., M.A., LL.D., D.Sc., F.R.S., Rouse-Ball 
Professor, Trinity College, Cambridge. 

LOGAN, ERNEST ALBERT WILLIAM, B.A., Hamilton College, Hamil- 
ton, Victoria, Australia. 

wae REGINALD GEORGE, M.Sc., Secondary School, Wolverton; Pine- 

, Bow Brickhill, Bletchley, Bucks. 

LOVE. Bee. THOMAS J., S.J., A.M., Professor of Physics, Loyola 
College, Evergreen, Baltimore, Maryland, BSA. 

MACAULAY-OWEN, PETER, M.A., D.Phil., Headmaster St. Asaph 
County School; County School House, St. Asaph, Flintshire. 

ea. JOHN P., B.Sc., Municipal Technical: Schools, Sligo, 
relan 

MCINTYRE, Miss VIOLET ANNE, B.Sc., County School for Girls, 
Chiswick; 15, Lonsdale Road, Bedford Park, London, W.4. 
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“MAGUIRE, JOSEPH ROBERT, Witwatersrand Technical College; P.O. 
Box 2658, Johannesburg, South Africa, 

MARTIN, WILLIAM HERBERT, M.A., B.Sc.(Eng.), Knockinagh 
House, Cloughfern, Whiteabbey, Northern Ireland. 

MASON, WILLIAM HENRY, 50, Woodlands Road, Southall, Middlesex. 

MATTHEWS, HERBERT JOHN, B.A., Oundle School;. Laxton House, 
Oundle, Northants. 

‘MAUNSELL, FREDERICK GEORGE, M.A., Ph.D., University College, 
Southampton; Hillside, Bassett Row, Southampton. 

MAY, Miss OLIVE FLORENCE, B.Sc., St. Hilda’s, Brownstown, Jamaica. 

*MITCHELL, Miss FLORENCE WINIFRED, B.A., County High School, 
Falmouth, Cornwall. 

MOORE, Miss ADA MILDRED, M.A., Head Mistress, St. Michael’s, 
Limpsfield, Surrey; Heatherside, 92, Downlands Road, Purley, Surrey. 

MORLEY, LESLIE, B.Sc., 18, Sydenham Drive, Strandtown, Belfast. 

MOZLEY, EDWARD NEWMAN, Lt.-Col. (ret.), Red House, Moor 
Monkton, York; Lynwood, Ripon, Yorks. 

— JACK, B.Sc., Bury High School; 11, Heywood Street, Bury, 

ancs, 

MUTTON, ISAIAH, B.A., The King’s School, Parramatta; Broughton 
House, Parramatta, New South Wales, Australia. 

O’BRIEN, T., University High School, Parkville, Melbourne, N.2, 
Victoria, Australia. 

PARKS, WILLIAM ALFRED, B.Sc., The Grove Central School, Forest 
Gate, London, E.7; 17, Roxburgh Avenue, Upminster, Essex. 

PETERS, Miss HELEN SUTHERLAND, B.Sc., Athlone High School, 
Johannesburg; P.O. Box 1722, Johannesburg, Transvaal, South Africa, 

POTTER, ARNOLD, M.A., Wellington College, Berkshire. 

POWELL, HAROLD KERR, B.A., University of Queensland, Brisbane; 
Clifford, 93, Bulimba Street, Bulimba, Brisbane, Australia. 

POWELL, Miss OLIVE ROSAMUND, B.Sc., The Training College, Barry, 
Glamorgan. 

RAWLINGS, GRAHAME PRYCE, M.A., The Grammar School, Chester- 
field; 28, Highfield Road, Chesterfield. 

RICKARDS, Miss HELENA MARY, B.A., Shrewsbury High School; 
Maryvale, Ludlow, Shropshire. 

= Miss MARJORIE BOURNE, B.A., The High School, Boston, 

incs 

ROMBULOW-PEARSE, Mrs. FLORENCE M., B.Sc., Longcroft Cottage, 
Alton Road, Parkstone, Dorset. 

*ROSENHEAD, LOUIS, Ph.D., D.Sc., Sometime Fellow of St. John’s 
College, Cambridge; Professor of Applied Mathematics at the University 
of Liverpool; The University, Liverpool. 

ROWLANDS, ROBERT GEORGE, B.A., B.Ed., Scotch College, 
Hawthorn, Melbourne, E.2; 12, Younger Avenue, Caulfield, Melbourne, 
S.E.8, Victoria, Australia. 

*RUSE, HAROLD STANLEY, M.A., D.Sc., F.R.S.E., Professor of 
Mathematics, University College, Southampton, 

*RUTHERFORD, ROBERT STEWART GREGG, North Manchester 
Municipal High School for Boys; 22, Museum Road, Oxford. 

SADLER, DONALD HARRY, M.A., 35, St. Mildred’s Road, Lee, 
London, S.E.12. 

*SANDS, SYDNEY EUSTACE, M.A., Lady Manners School, Bakewell; 

Station Road, Bakewell, Derbyshire. 
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SARJEANT, H. B., High School, Mordialloc, Victoria, Australia. 
SEDERMAN, VICTOR GEORGE, M.Sc., Cathays High School for Boys, | 
Cardiff; 167, Heathwood Road, Cardiff. | 


SEMPLE, JOHN GREENLEES, M.A., Ph.D., Professor of Mathematics, 
University of London, King’s College: 4, Ruskin Close, London, 


SIBSON, ROBERT, M.A., seein City Boys’ School;. 48, Station Road, 
Countesthorpe, Leicest 

SMELTZER, DONALD, B. na The Nelson School, Wigton; Clifton House, 
Wigton, Cumberland. 

STALLARD, Miss MARGARET THEODORA, B.Sc., Francis Holland 
School, Clarence Gate; Ashburton Vicarage, S. Devon. 

STEVENSON, WILLIAM, B.Sc., M.Sc., Wade Deacon Grammar School, 
Widnes; 345, Upton Lane, Widnes, Lancs, 

STOCKEN, Miss yaw MARCIA, B.Sc., Hillside Convent College, Farn- 
borough Hill, 

STONE, Miss ae a B.Sc., Wycombe Abbey, Bucks 

ore ie JOHANNES JACOBUS, B.Sc., Afrikaanse Hoér Seun- 

Road, 1, Pretoria, South Africa. F 

M.A., Ph.D., Oundle School; Dryden House, 
Oundle, Northants. 

*TAYLOR, ‘HAROLD McCARTER, M.A., M.Sc., Ph.D., Clare College, 
Cambridge. 

TAYLOR, Miss RACHEL aha pe B.A., County Second: School, | 
_ Bridgford, Nottingham; 7 , Osterley Gardens, Aintree, Liverpool, 


TEMPLE, ? go B.Sc., Whitley and Monkseaton High School, Whitley 
Bay; 12, Hotspur Avenue, Whitley Bay, Northumberland. 


TODD, JOHN ARTHUR, Ph.D., University of Cambridge; The Hermitage, 
Silver Street, Cambridge. 

TOPPING, JAMES, M<&Sc., Ph.D., The Polytechnic, Regent Street, 
London, W.1; An Groban, Fire Tree Road, Leatherhead, Surrey. 


TRIBE, JOHN WILBERFORCE, M.A., Bryanston School, Blandford, 
Dorset. 


TROUT, Miss ANNIE MARY, B.A., University College, Southampton. 
TURNER, IVAN STEWART, M.A., M.Sc., Teachers’ College, Sydney, * 
Australia; Institute of Education, Southampton Row, London, W.C.1. 
WALKER, Miss W., The Manse, 70, Hanmer Street, Williamstown, Mel- : 
bourne, N.16, Victoria, Australia. , 
WALL, JOHN DENYS, M.A., Brambletye, East Grinstead; Kelmarsh 
Rectory, Northampton. r 
WATSON, ALBERT LEONARD, B.Sc., Scunthorpe Grammar School; 22, 
Webster Avenue, Scunthorpe, Lincs. 
WEAVER, ANTHONY FREDERICK, B.A., Burgess Hill School, Hamp- 
stead; 10, Burgess Hill, London, N.W.2. ( 
WHITEMAN, WILLIAM GEORGE, B.Sc., County School, Builth Wells; ] 
Dél-y-ffin, Builth Wells, Brecon. 
WIGLEY, HUGH ARMAND ELLISS, B.Sc., 5, Craig Isaf, Aberdare, Glam. ] 
*WILSON, Miss SYBIL ROSE, B.Sc., Honor Oak School, London, S.E.; ] 


WOODHEAD, Miss BARBARA HAYWARD, B.A., Notre Dame High 
School, Wigan; 17, St. Clement’s Road, Wigan, Lancs. ] 
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WOOLLARD, LLOYD, M.A., Naval Construction Department, Admiralty, 
London, $.W.1. 


WRIGHT, Miss OLIVE LILY KINSEY, M.A., Tunbridge Wells High 
School; 44, Warwick Road, Bishop’s ‘Stortford, Herts. 


NEW MEMBERS (Libraries, Schools, etc.) 


ST. AGNES COLLEGE, Mangalore, South India (The Principal). 


— COLLEGE OF SCIENCE, Red Barracks, Woolwich, London, 
S.E. 18 (The Commandant). 


MINCHENDEN SECONDARY SCHOOL LIBRARY, Southgate, London, 
N.14 (The School Librarian). * 


MEMBER PREVIOUSLY RESIGNED, NOW RE-INSTATED. 


CLARK, GEORGE THOMAS, B.Sc., The Loughborough Central School, 
ere London, S.W.9; 47, Roxburgh Road, West Norwood, London, 


NEW MEMBERS (JUNIOR). 
— , Miss ALLISON, M.A., 43, Dudley Gardens, Leith, Edinburgh, 


ATEINSON, DENIS NEAL, B.Sc., 160, Melton Road, West Bridgford, 
ottingham. 

BAKER, WALTER SIDNEY LESLIE, St. John’s College, Oxford. 
BANN — RICHARD COURTNEY, B.Sc., 9, Osborne Road, Romford, 


nakcen, Miss MARY MORRISON, Pendleton High School for Girls, 
Salford, Lancs.; 71, Evington Road, Leicester. 


BOLT, RONALD LEONARD, 9, Consfield Avenue, Motspur Park, New 
Malden, Surrey. 


BOTTOM, Miss CONSTANCE VALERIE, B.A., St. Peter’s, London Road, 
Wickford, Essex. 


*BRAMWELL, Miss ELIZABETH MARY BYROM, M.A., High School 
for Girls, Leamington; 23, Drumsheugh Gardens, Edinburgh. 


BROOKS, ROLAND LEONARD, 40, South Street, Cottingham, Yorks. 
CHESTER, ALFRED THOMAS, B.A., 8, Castle View Terrace, Ludlow, 
Shropshire. 


COOPER, Miss MARJORIE, B.Sc., 24, Senga Road, Hackbridge, Walling- 
ton, Surrey. 


COPLEY, DAVID THEODORE, B.S., Bruncliffe, Braithwell, Nr. 
Rotherham, Yorks. 


CUNDY, HENRY MARTYN, B.S., Sherborne School, Dorset. 


DALTON, Miss WINIFRED JOAN, B.Sc., 24, Hollyhurst Grove, South 
Yardley, Birmingham, 26. 


DANTER, EDWARD, Merton College, Oxford. 


DRINKWATER, Miss MARY, B.Sc., Endcliffe, Womersley Road, 
Knottingley, Yorks. 


ELLIOTT, NORMAN, St. John’s College, Oxford. 
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EMIN, Mrs. OLIVE WINIFRED, B.A., 26, Bedford Place, Russell Square, 
London, W.C.1. 

FIFE, Miss BARBARA MARY GORDON, B.A., 42a, Binswood Avenue, 
Leamington Spa, Warwickshire. 

GAGE, Miss MARJORIE DORIS, B.Sc., Cartref, 61, Cornwall Road, 
Cheam, Surrey. 

GAMON, MAURICE PARTRIDGE, 128, Beulah Road, Thornton Heath, 
Surrey. 

GARREiT, Miss KATHLEEN MAUD, B.Sc., 39, Snakes Lane, Woodford 
Green, Essex. 

GHATE, Miss VIJAYA V., M.A., 388, Sadashiv Peth, Poona, 2, India. 

*GREENALL, PHILIP DALTON, M.Sc., 31, Sylvan Avenue, Mill Hill, 
London, N.W.7. 

HALLOWES, DONALD MOREWOOD, B.A., 111, Kent Road, Sheffield, 8. 

HARTLEY, Miss CATHERINE ALDIS (Math. Trip.), Beckington, Bath, 
Somerset. 

a. Ps DORA MARY SUDELL, B.A., 1, Belgrave Court, London, 


HOWARD, GEOFFREY CHARLES, 15, Bedonwell Road, Bexley Heath, 
Ken 


JACKSON, Miss MIRIAM PROBERT, Spenthorn, 9, North Parade, 
Headingley, Leeds 6 

JACOB, Miss RUTH VIOLET, Newnham College, Cambridge. 

*LEGG, DAVID CHRISTIAN, B.A., 30, High Park Avenue, Wollaston, 

Stourbridge, Worcs. 

NEWTON, LEONARD STANLEY, B.Sc., 4, Bourdon Road, Anerley, 
London, S.E.20. 

POWELL, Miss UNA, M.A., B.A., 13, Brunswick Square, London, W.C.1. 

POWER, GEOFFREY, Brasenose College, Oxford. 

RAMSDEN, EDWARD PHILIP, 27, Blenheim Road, Barnsley, Yorks. 

REED, ANDREW GORDON, B.A., 32, Church Street, London, E.15. 


ROBINSON, GEOFFREY J., B.Sc., 48, Regent Street, Leamington Spa, 
Warwickshire. 

SCHOLEFIELD, Miss VERA, B.Sc., Brice Hill, Calder Grove, Nr. Wake- 
field, Yorks. 

SMITH, AUSTEN BARDELL, 100, South End Close, London, 
N.W.3. 


*SMITH, Miss DOROTHY EDITH, B.A., King’s Norton Secondary Schoel, 
Birmingham; Ailsa Craig, Crescent Drive, Maidenhead, Berks. 
SPRINGETT, JACK ALLAN, B.A., Christ’s Hospital, Horsham; 131, 
Clarence Road, Windsor, Berks. 
STEALEY, MISS JOAN ELLEN MARY, B.A., 111, Burton Road, 
Brixton, London, S.W.9. 
STONEHOUSE, MISS NORA WINIFRED, B.Sc., 2, Moulsham Thrift, 
Wood Street, Chelmsford, Essex. 
*THOMSON, ALISTAIR GOSMAN, B.Sc. (Eng.), 17, Woburn Buildings, 
Upper Woburn Place, London, W.C.1. 
WALKER, MISS HELEN BARBARA, B.A., 22, Cartwright Gardens, 
London, W.C.1. 
WOOD, PHILIP RICKARD, B.Sc., 53, Compton Road, Winchmore Hill, 
London, N.21. 
YOXALL, ALBERT LESLIE, B.A., 57, Acresfield Road, Salford, 6, Lancs. 


DEATHS, RESIGNATIONS, LAPSES 


DEATHS 


Miss A. V. Beeching. 
Professor L. N. G. Filon. 
C. H. Fothergill. 


W. E. Jackes. 
Professor A, Lodge. 
Miss E. M. Richards. 


Rev. T. T. Griffiths. H. C. Smith. 
Miss F. Hewitson. 
RESIGNATIONS 
F. Beames, Miss L. M. Leighton. 
A. J. C. Beddow. S. T. Lewis. 
J. W. Bridgeman. G. L. Maffey. 


Miss A. Brown, afterwards Mrs. 
Khalaf-Ahmed. 

Miss M. A. Dowsett (Sister Mabel, 
GOHP.). 

Miss B. Durston. 

J. Finkelstein. 

A. A. Fletcher-Jones. 

Lt.-Col. W. A. Garstin. 

Professor Godbole. 

Miss M. H. Greaves. 

Miss I. F. L. Greenwood. 

Captain V. St. G. Hewins. 

R. B. Horn. 

R. Juckes. 

J. B. Kapur. 


RESIGNATIONS TO COME INTO EFFECT AT END OF 1938 


Cc. H. O. Alexander. 
E. W. Coates. 

Miss M. A. Doughty. 
Miss I. C. Florence. 
W. G. Kalaugher. 
Miss F. W. Lofthouse. 
Miss P. Lowther. 


C. B. Mitchell. 

Sister Dorothea Morton, C.H.F. 
Miss D. E. G. Murray. 
T. Neale. 

S. J. Owen. 

G. E. Pittwood. 

H. T. Pledge. 

A. W. Poole. 

C. Reynolds. 

Miss P. Seymour. 

James Stanley Smith. 
Commander E. B. Turtle. 
W. J. Wilks. 

Dr. D. M. Wrinch. 

G. Yorke. 


Miss L. Potter. 

Miss E. J. Prebble. 
Lt.-Col. N. Strickland. 
Miss D. R. Smith. 


Miss J. M. Underwood. 
C. C. Wiles. 


Miss H. M. Wright. 


7 MEMBERSHIP LAPSED AT END OF 1937 
E. R. Atkins. V. V. Narlikar. 

B. W. D. Bransden. L C. Parslow. 

S. M. Burrow. Mrs, Peterson. 

Rev. J. C. Chute. Miss A. M. P. Pocock. 
L. J. Cramp. J. F. Ractliffe. 

R.. Cross. J. E. Rees. 

Miss A. Dogherty. C. C. Ricketts. 
P. J. Eyre. Miss A. Shavelson. 
C. A. H. Gibbard. Miss A. M. Strachan. 
P. L.: Hall, Miss D. A. R. Sweet. 
E. W. Holford. L. A. Swinden. 
Miss G. A. Hollowell. J. S. Tulloch. 
M. Home. J. B. White. 


W. D. Morris. 


12 THE MATHEMATICAL ASSOCIATION 


CHANGES OF ADDRESS 
ALEXANDER, C. H. O’D., 315-6, Rodney House, Dolphin Square, 
Grosvenor Road, London, S.W.1. 
ALLENDER, A. G., 17, Marsham Court Road, Solihull, Birmingham. 
ALLITT, T. R., 15, Chandos Road, Buckingham. 


ANDERSEN, P. N. W., Deputy Head Master, High School, Canberra; 
Dominion Circuit, Forrest, Canberra, F.C.T. Australia. 


ANDERTON, Mrs. G. (née Bolton), 2, Natproban Chambers, Letchworth, 
Herts. 


ASHBURNER, A. E., 5, Windsor Avenue, New Longton, nr. Preston, 
Lancs. 


ASHWIN, G. W. F., The Methodist College, Belfast, Northern Ireland. 
BARNARD, Miss E. L., 82, Brook Green, London, W.6. 
BEARDWOOD, H., 39, Ruskin Avenue, Bradford Road, Wakefield. 


BARFIELD, L. H., Richmond County School, Surrey; 14, Oaks Avenue, 
Little Park Drive, Hanworth, Middlesex. 


BENNETT, Miss A. E., 40, Laurier Road, London, N.W.5. 


BETTS, E. H., North Paddington Central School, Kilburn Lane, 
London, W.10. 


BIRBECK, H. L., 19, The Chine, Grange Park, London, N.21. 
BLACK, J. A. E., Carnwath, Montacute Road, Tunbridge Wells, Kent. 
BOLLAND, A. K., Liverpool College, Sefton Park Road, Liverpool, 8. 
BOOTH, A. D., 17, St. Mary’s Road, Leamington, Warwickshire. 


BOOTH, N., The Vancouver Technical School, Corner Broadway East 
and Clinton Street, Vancouver, B.C., Canada. 


BOWLEY, E. G., Normount, Langholm Crescent, Darlington, Co. 
Durham. 


BRETHERTON, J. B., 508, Manchester Road, Paddington, Warrington, 
Lancs. 


BRIND, Miss E. M._ Private address cancelled. (School address: 
Parkfields Cedars Secondary ‘School, Derby). 


BROOK, Miss S., 58, Grace Avenue, Maidstone, Kent. 

BROOKES, B. C., 55, Putnoe Lane, Bedford. 

BROSGALL, J., 4, Church Terrace, London, S.E.13. 

BUSH, F. J., 71, Tudor Way, Hillingdon, Uxbridge, Middlesex. 
BUTTERWORTH, Miss F., 117, Harrowdene Road, Wembley, Middlesex. 
CHAPPLE, M. T., 12, Lon Cwmgwyn, Sketty, Swansea, Glam. 
CLARKE, E. J., 2, Woodbourne Place, Douglas, Isle of Man. 
CLARKE, H. G. M., The Hall, Repton, Derby. 

CONE, Miss Z., 5a, Cambridge Road, Colchester, Essex. 

COOKE, E. E., 60, Botley Road, Oxford. 


DALTON, Miss W. J., 24, MHollyhurst Grove, South Yardley, 
Birmingham, 26. 


DAVEY, Miss R. G., 5, Lancaster Road, Brighton, 5. 

DEDICOAT, Miss D. A., 172, King Lane, Leeds, 7. 

DIAPER, Miss G., 42, Barrington Court, Muswell Hill, London, N.10. 
DOBBS, W. J., Hotel Stuart, Richmond Hill, Surrey. 
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DOCKRAY, Miss F. A., 53, Church Road, Whitchurch, Nr. Cardiff, Glam. 


aa Miss C. A., 91, Waterfall Road, New Southgate, London, 
N.11. 


DRONFIELD, J., St. Peter’s School, York. 
EGNER, W. E., Pocklington School, E. Yorks. 
EVANS, J. B., Polach’s House, Clifton College, Bristol. 


EVANS, Miss K. M. Private address cancelled. (School address: The 
High School, Newark, Notts.). 


FINNEY, D. J., Galton Laboratory, University College, Gower Street, 
London, W.C.1. 


FRECHEVILLE, G., 56, Holywell Street, Oxford. 
FREEMAN, M. Howarth, 29, Cromwell Road, Canterbury, Kent. 


GORDON, H., Grammar School, Goole; 16, Westbourne Grove, Goole, 
Yorks. 


GRATTAN-GUINESS, G. H., Surprise View, Yeld Road, Bakewell, 
Derbyshire. 


GRAY, Miss V. L., 46, Upper Mall, Hammersmith, London, W.6. 


GREENHALGH, R., Roundhay School, Leeds, 8; 31, Oakwood Avenue, 
Roundhay, Leeds, 8. 


GRENFELL, D. A., 1, Dry Hill Park Road, Tonbridge, Kent. 
GUILLEBAUD, P. D., Seaford College, Seaford, Sussex. 


noir ae Miss E. R., Trumpington, Cirencester Road, Charlton Kings, 
os. 


HARBISHER, S., 68, Wharncliffe Drive, Eccleshill, Bradford, Yorks. 
(Has left Friends’ School, Lancaster). 


HARDCASTLE, Miss L. E., 61, South Road, Smethwick, Staffs. 
HARDY, Miss H., 30, Castlebar Park, Ealing, London, W.5. 

HARRIS, J. B., The Cottage, St. Lawrence Forstal, Canterbury, Kent. 
veces x nate Miss E. R., 22, Cecil Close, Mount Avenue, Ealing, London, 


HAWES, C. G., 19, The Archer’s Way, Glastonbury, Somerset. 


HOLMAN, Miss E. M., 2, Church Croft, Carlton Road, Whalley Range, 
Manchester, 16. 


HOLMES, R., 3, Hermitage Close, South Woodford, London, E.18. 
HOWELLS, E., Dangarn, 16, Lyn Crescent, Ferndale, Rhondda, Glam. 
HUDSON, Miss H. P. 75, Leeside Crescent, London, N.W.11. 


HUDSON, J. F., Springlands, Wendover Road, Stoke Mandeville, Ayles- 
bury, Bucks. 


HUGHES, W., 6, Purbeck Street, Canton, Cardiff. 

IMESON, K. R., Yew Cottage, Abbot’s Langley, Herts. 

INCE, Miss G. M., Callander, 63, King George’s Avenue, King’s Lynn. 
JARVIS, Miss D. M., 139, Worple Road, West Wimbledon, S.W.20. 
JOHNSTON, S., 81, Fountain Street, Manchester, 2. 

JONES, Capt. I. FITZROY, Hoveland Farm, Taunton, Somerset. 
JONES, L. A. WEBBER, 6, Cowper Road, Berkhamsted, Herts. 
KELLAWAY, W. G., 183, Langroyd Road, Colne, Lancs. 

KELLY, V. P., 134, King’s Avenue, Woodford Green, Essex. 
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KIRSOP, Miss K. P., 32, South Avenue Rochester, Kent. 


LAING, Miss A. S., 14, Grange Road, Kew, Melbourne, E.4., Victoria, 
Australia. 


LARMOUR, J., St. Sunniva, 73, Clifton Road, Rugby, Warwickshire. 


LAURISTON, Miss JEAN, Head Mistress of St. George’s College, Red 
Lion Square, London, W.C.1; 9, Rutland Court, Denmark Hill, 
London, S.E.5. 

LEGG, J. W., 113, Bishop’s Road, Peterborough. 

LESTER, R. E., School House, The College, Brighton, 7, Sussex. 


LITTLE, Miss J., Queenswood, Hatfield, Herts; Elmswood, New Road, 
Northbourne, Bournemouth. 


LOCKE, C. S., The Polytechnic, Regent Street, London, W.1. 
LOCKE, G. T., White Lodge, Disney, Cheshire. 
LORD, Miss P. G., Hill Crest, Norton Lindsey, Warwick. 


LOWERY, Dr. H. oa South West Essex Technical College, Forest 
Road, London, E.17. 


McLACHLAN, Miss H., 45, Belmont Park, London, S.E.13. 
MACRO, W. B., 27, Bath Terrace, Newcastle-upon-Tyne, 3. 
MANISTY, J. C., 13, College Street, Winchester, Hants. 
MARTYN, W. C., Warleigh, St. Minver, Wadebridge, Cornwall. 
MAW, W. N., 50, Goodwin Avenue, Swalecliffe, Kent. 

MAYNE, W. L., 55, Grange Road, Southport, Lancs. 


MILNER, Miss D. J., Head Mistress, Queen Anne Secondary School for 
Girls, York. 


MONTEFIORE-CASTLE, 92, Eamont Court, Regent’s Park, London, 
N.W.8. 

MOORE, H.N. R., 31, Velmore Road, Chandlers Ford, Hants. 

MORGAN, J. B., Liverpool Collegiate School;. 118, Eaton Road, West 
Derby, Liverpool, 12. 

MOSS, S. H., 147, Malpas Road, Brockley, London, S.E.4. 

MURRAY-RUST, T. M., 2, Little Deans Yard, Westminster, London, 
S.W.1. 

NAISH, Miss E. M., Hill Crest, Norton Lindsey, Warwick. 

NELKON, M., The County School for Boys, Beckenham and Penge, High 
Street, London, S.E.20. 

NYE, Miss P. M., 196, Copse Hill, West Wimbledon, London, S.W.20. 

O’HARA, Rev. C. W., Heythorp College, Chipping Norton, Oxon. 

OLDFIELD, A. B., The Technical School, Tichardshaw Lane, Pudsey, 
Nr. Leeds. 

OSBORN, Miss F. A., 91, St. James’ Road, Sutton, Surrey. 


PARKER, W. T. G., 35, Bishops Mansions, Bishops Park Road, London, 
S.W.6. 


PATERSON, W. E., 23, Twyford Court, Fortis Green, Muswell Hill, 
N.10. 


PAYNE, F. W., 12, Calva Brow, Workington, Cumberland. 
PAYNE, Miss I., Harborne, South Leigh Road, Warblington, Havant, 
Hants. 


PAYNE, Miss M. F., Private address cancelled. (School address: Northern 
Secondary School, Mayfield Road, North End, Portsmouth.) 


PEAKER, G. F., H.M.I., Glenisla,’ Hightown, Liverpool. 
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PEARCY, I. H., 2, Belgrave Villas, Cartwright Lane, Beverley, Yorks. 
PHILLIPS, F. J., 109, Byrne Road, London, S.W.12. 

PRAG, A., 8, Mundania Court, Forest Hill Road, London, S.E.22. 
PROUT, H. K., 25, Hope Park, Bromley, Kent. 

G., Ty-Ystwyth, Heol Myddynfych, Tirydail, Ammanford, 
RANDALL, G. F., Bryanston School, Blandford, Dorset. 


RASMUSSEN, Miss M. L., The Manor House, Rodborough Common, Nr. 
Stroud, Glos. 


RAWSON, Miss M., 16, Greighton Avenue, Muswell Hill, London, N.10. 

READE, J. A. D., Monk’s Well, Giles Lane, Canterbury, Kent. 

REEVES, Miss L. E. M., Pengwern, College Road, Bangor, N. Wales. 

RETTER, C. F., Henry Mellish School, Nottingham; The Spinney, 25, 
Parkside, Wollaton Vale, Nottingham. 

RICE, Miss W. A., 134, Mildred Avenue, Watford Herts. 

RICHARDS, C. H., 92, Gillhurst Road, Birmingham, 17. 

RICHARDS, J. B., 9, Knottsall Lane, Langley, Birmingham. 


RICHARDS, Miss M. W., St. Swithun’s School, Winchester; Earl’s Down, 
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AN INTRODUCTION TO 
-CO-ORDINATE GEOMETRY 
THE STRAIGHT LINE AND CIRCLE 
By William S. Catto, B.Sc. and F.J. H. Williams, M.A. - 
Mathematical Staff, George Watson's College for Boys, Edinburgh — 
a This book has been written especially to cover the scheme of work re 
Bs in co-ordinate geometry prescribed for pupils who are to be pre- — 
ie sented for Mathematics on the Higher Standard in the«Scottish ~ 


e Leaving Certificate Examination, but it should also prove acceptable 
Ss for many other examinations where a knowledge of the co-ordinate % AS 


geometry of the straight line and circle only is required. 
212 pages 3s. With answers 33. 6d. 
MODERN SCHOOL ARITHMETIC 
| ByR.N. Haygarth, M.A., B.Sc. and E. V. Smith, M.A, 


ally useful for commercial and technical classes. 


EXERCISES IN ALGEBRA 
J. G. Hearley, BSc. 
he ae. Master, Letchworth Grammar School 


book covere the eyllabus in Algebra for the four or five years 

Ee work leading up to School Certificate. There is no bookwork, but = 

2 70 pages 38. With answers 3s. 6d. — 

tie TEACHERS BOOK (excluding exercises but with answers) 28. 


MATHEMATICAL ANALYSIS 
Theodore Herberg 


complex ‘numbers Illustrative 

pages’ Answers (separately) 64, 


= 182 High Holborn, London, ¥ W.C. 1: = 
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BELL BOOKS 


SHORTER 
ADVANCED TRIGONOMETRY 
by C. V. DURELL, M.A., and A. ROBSON, M.A. 


This volume has been compiled in response to the opinion 
expressed by many teachers that an abbreviated form of the 
authors’ well-known Advanced Trigonometry (4th edition, gs.) 
would be sufficient for the needs of most sixth-form pupils. 
The bookwork has been shortened considerably, and references 
are given to the main book and to the authors’ Advanced 
Algebra to indicate the lines on which the bookwork may be 
supplemented when this is considered desirable. The volume 
meets the requirements of the various Higher Certificate 
examinations. “‘Should encourage the study of higher trigo- 
nometry on the right lines.” JOURNAL OF EDUCATION. 


Complete 5s. Also in Two Parts. 


ELEMENTARY ANALYSIS 


by A. DAKIN, M.A., B.Sc., and R. |. PORTER, M.A. 


This book has been written primarily to cover the syllabus 
for Additional Mathematics for the School Certificate exam- 
ination and the Subsidiary Pure Mathematics for the Higher 
School Certificate examination of the Northern Joint Board. 
It will also be found to provide a very suitable year’s work 
for other pupils in the first year of the sixth form. Pupils who 
have covered the normal School Certificate course are intro- 
duced as quickly as possible to fresh mathematical fields and 
acquainted with new mathematical ideas. ‘‘ The text is very 
lucid and well arranged, and the numerous examples pro- 
vide excellent practice for both average and more advanced 
pupils.” THE A.M.A. 


Price 6s. 


G. BELL & SONS, LTD., PORTUGAL ST., W.C.2 
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